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Abstract: In railway dynamics, the interpolation of lookup tables (LUTs) is a procedure 

to reduce the computational effort when computing the wheel-rail interaction forces. 

However, the generation of LUTs with multiple inputs and multiple outputs is a 

challenging task for which issues such as their minimal size and uniform accuracy over 

the LUT domain have not been systematically addressed before. This work presents a 

comprehensive methodology for a detailed analysis of general LUTs, identifying ways to 

improve them. First, an analysis of the variation of the input parameters is made and the 

interpolation error is assessed on the cells and edges of the original table. From this 

analysis, two enhanced LUTs are proposed. One is approximately 5 times smaller than 

the original but holds similar accuracy. The other table exhibits half of the maximum 

interpolation error of the original LUT but holds an identical size. This methodology is 

demonstrated here using the recently published Kalker Book of Tables for Non-Hertzian 

contact (KBTNH) but it can be used by any other LUT approach in order to improve 

accuracy and/or to reduce size. 
 

Keywords: Wheel-Rail Contact; Lookup Tables; Accuracy; Efficiency; Non-Hertzian 
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1. Introduction 

The wheel-rail contact interaction representation plays a fundamental role in the 

study and simulation of railway vehicles [1], namely in vehicle dynamics [2-5], prediction 

of wear or rolling contact fatigue [6-8], traction and braking systems design [9,10], among 

others. Hence, the main focus of research works has been the development of more 

advanced contact models to enhance the existing algorithms either in terms of accuracy 

or efficiency [11-16]. It has been demonstrated that the selected methodology for the 

evaluation of creep forces has paramount influence on the dynamic response of the 

vehicle [17]. The ultimate goal of developing a new contact model is to provide high 

accuracy by capturing most of tribological phenomena while keeping a low computation 

effort. More advanced nonlinear models [11,18-20] are required for situations where large 

creepages or conformal contact exist, for instance, and to study contact damage 

phenomena, such as wear or rolling contact fatigue. In opposition, simplified linear 

models [21-23] are more suitable when the local contact phenomena are not particularly 

relevant. These models can also have special interest for real-time simulations or other 

cases in which the computational efficiency is a key aspect. In this framework, although 

                                                           
* E-mail: fmarques@dem.uminho.pt 



2 

it is not the standard procedure, the utilization of LUT based approaches is a valuable and 

common alternative for efficiency improvement with respect to online contact force 

evaluation. 

The use of LUT in the wheel-rail contact requires the generation of a pre-calculated 

table which stores the values of the function, such as the normal and creep forces, in a set 

of points that constitute the domain of the table. Then, during a simulation, for a given 

input, such as the relative position and orientation between rail and wheel, the output 

parameters required for the dynamic analysis are computed through the interpolation of 

the LUT. Thus, the online calculation of a cumbersome function, which is generally slow 

but accurate, can be promptly approximated through the linear interpolation of tabulated 

data. 

LUT approaches are employed in a wide variety of fields in which the 

computational efficiency takes a preponderant role [24-26]. Bearing in mind that the 

dynamic simulations of railway vehicles usually involve high computational costs, the 

contact detection [27,28] and the contact forces evaluation [29,30] are frequently 

performed recurring to LUT approaches. Regarding wheel-rail contact forces, the first 

LUT was developed by the British Rail [31] for a parametrized elliptical contact patch 

where Kalker’s DUVOROL program was utilized to calculate the creep forces [18]. Since 

the LUT was constrained to Hertzian contact patches, the elliptical regularization of the 

non-elliptical contact patches was required. This table had four input parameters and a 

relatively small size with a total of 3220 entries as, at the time, the pre-calculation time 

and the computer storage had limitations. Later, Kalker created a larger LUT called 

USETAB [29], also based on elliptical regularization of the contact patch. The table had 

115 000 entries in which the stored creep forces were determined with the CONTACT 

software [11]. This LUT was enhanced in [32] resulting in a table of 100 000 entries 

called USETAB 1.2. This improved version is currently used in commercial software, 

namely NUCARS and VAMPIRE. More recently, a new Kalker Book of Tables for Non-

Hertzian contact (KBTNH), in which a non-elliptical contact patch regularization has 

been suggested using five input parameters, was introduced by Piotrowski et al. [30,33]. 

This regularization assumes that the contact patch can be approximated by a single double 

elliptical contact shape, which allows to capture the longitudinal creep force generated by 

the spin creepage. 

Vollebregt et al [34] demonstrated that the USETAB provides significantly better 

results than other simplified approaches [21-23] when compared with the complete 

rolling contact theory [11]. Note that the accuracy of the interpolated values must be 

controlled, since the function to be replaced is already an approximation of the reality. 

Thus, the design of the LUT domain is of paramount importance due to its direct influence 

in the error obtained. Although the increase of the number of points of the LUT tends to 

improve its accuracy, it also increases the size of the table, the effort required to generate 

it, and the computation time needed to search and interpolate a given point during the 

dynamic analysis. Therefore, accuracy and efficiency issues make the selection of the 

number of LUT points and their location in the complete domain of extreme importance. 

Typically, this selection is made empirically, since there is a lack of systematic techniques 

either to evaluate the LUT accuracy or to generate it. Most of the existing methods are 

constrained to single input and output LUTs [35-37] and cannot be extended to multiple 

inputs and outputs LUTs [38]. 

The main objective of the current work is to analyze the error over a LUT domain 

and to propose a methodology to generate enhanced LUTs either with smaller sizes or 

higher accuracies. This approach is applied and demonstrated using the recently published 

KBTNH [30,33]. The remainder of the paper is organized as follows: Section 2 describes 
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briefly the KBTNH parametrization, as well as the original domain distribution; The 

assessment of the LUT accuracy through a sensitivity analysis and evaluation of the 

interpolation error in the cells and edges of the LUT is presented in Section 3; Then, two 

enhanced versions of the KBTNH are proposed in Section 4; Finally, the main 

conclusions of this work are drawn in Section 5. 

 

2. The Kalker Book of Tables 

The contact between the rail and the wheel tread, in normal operating conditions 

with regular wheel and rail profiles, is characterized by a configuration such as that 

illustrated in Fig. 1. 

 
Figure 1 Representation of the wheel-rail contact and Simple Double-Elliptical Contact region (SDEC). 

A regularization of non-elliptical contact patches has been introduced by Piotrowski 

et al. [30,33], being the contact patch regularized to be a Simple Double-Elliptical Contact 

region (SDEC), as represented in Fig. 1. This regularization allows to build a LUT based 

on CONTACT software [11] for the creep forces and moment calculation, designated as 

the Kalker Book of Tables for Non-Hertzian contact [30,33]. Consider that the SDEC 

region is suitable to regularize most of the contact shapes obtained with approximate non-

Hertzian methods for normal contact problem. Notice that the SDEC shape holds some 

quasi-Hertzian properties and symmetry relations, and it requires a small number of 

parameters to be fully described. Hence, in a nondimensionalized analysis, it can be 

characterized by the semi-axes ratio as 

 /g a b  (1) 

and the shape number as 

 
0 /y b   (2) 

where a and b are the semi-axes of the SDEC region. For a given pair of surfaces, 

recurring to the parametrization of variables, the creep forces and moment generated due 

to wheel-rail interaction only depend on the contact patch geometry, characterized by g 

and ψ, and the parametrized longitudinal, lateral and spin creepages. Moreover, the 

parametrized creepages, designated by ξ, η and χ respectively, are defined as 
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where ρ is a characteristic length of the elliptical contact patch, μ denotes the friction 

coefficient, υx represents the longitudinal creepage, υy is the lateral creepage, φ denotes 

the spin creepage, and c is the equivalent radius of the SDEC region which can be 

calculated as  
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in which E represents the Young’s modulus, σ denotes the Poisson ratio, A is the area of 

the contact patch, N represents the normal contact force, and na and nb are tabulated 

coefficients which are dependent of θ, which is given 

 max ,
a b

b a
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Hence, the product of these tabulated coefficients can be approximated by the following 

empirical formula 

 3 2

3 2 1 0a bn n k k k k       (7) 

where k3 = 3.618652×10-5, k2 = -2.687505×10-3, k1 = 9.5658×10-2 and k0 = 8.872736×10-1. 

For the sake of simplicity, the regularized longitudinal and lateral creepages are 

replaced by the creepage angle and modulus of creepage, which are defined as 

 2 2 1, tan
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For this case, the generation of the lookup table involves five input variables, each 

one with a characteristic domain: 

χ ϵ [0 , 2] - parametrized spin creepage; 

g ϵ [0.2 , 5] - semi-axes ratio; 

α ϵ [-π/2 , π/2] - creepage angle; 

ν ϵ [0 , 12] - parametrized creepage modulus; 

ψ ϵ [-0.9 , 0.9] - shape number; 

and three output quantities: 

fx - normalized longitudinal creep force; 

fy - normalized lateral creep force; 

mz - normalized moment. 

The normalized creep forces and moment are obtained from the contact loads 

calculated with CONTACT as 

 ( , , , , ) x
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where Fx, Fy and Mz are, respectively, the longitudinal and lateral creep forces and the 

moment computed by CONTACT, and. 

A reasonable LUT has been built which spans the complete domain in which the 

expected contact scenarios for typical vehicle-track interaction are included. This justifies 

the chosen limits for the spin creepage and semi-axes ratio. Furthermore, it should be 

noted that the domain of the longitudinal and spin creepages is reduced to positive values 

due to symmetry relations provided by the SDEC shape [30], thus decreasing significantly 

the size of the table. 

Table 1 shows the distribution of points of the LUT proposed by Piotrowski et al. 

[30]. As can be observed, a different number of points was utilized for the several 

independent parameters. In this case, the selection of the number and position of the LUT 

points has been done empirically, recurring to the users’ experience. The most refined 

parameter is by far the parametrized creepage modulus. Thus, the total number of LUT 
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points, and runs of program CONTACT required to compute the forces, is calculated as 

the combination of these points 
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This number represents the LUT size and it has direct impact on the storage size and on 

the time required to search the table. It seems obvious that it is of great interest to keep 

the number of LUT points as low as possible. 

Thus, the evaluation of the creep forces and moment during a multibody simulation 

is made through the assessment of the LUT values and subsequently linear interpolation 

in the five-dimensional space. 

 
Table 1 Domain of the Kalker Book of Tables  

for Non-Hertzian (KBTNH) contact. 

Parameter No. of Points 





0.00 0.25 0.50 1.00

1.25 1.50 1.75 2.00
   nχ=8 

1 1 3
1 2 3 4 5

5 2 4
g

 
 
 

 ng=8 

0
2 3 6 6 3 2

     


 
    
 

 nα=7 





0.0 0.1 0.2 0.3 0.4 0.5 0.7 0.9

1.1 1.4 1.7 2.0 2.5 3.0 3.5 4.0

5.0 6.0 7.0 8.0 9.0 10.0 12.0

   nν=23 





0.9 0.8 0.6 0.4 0.2

0.0 0.2 0.4 0.6 0.8 0.9


    
  nψ=11 

 

3. Assessment of the Lookup Table Accuracy  

A comprehensive evaluation of the LUT accuracy is performed here by analyzing 

the variation of its input parameters and quantifying how each parameter affects the 

calculation of the creep forces. First, a mesh of 60x60 elements is utilized in CONTACT 

to discretize the complete contact patch. Then, the assessment of the interpolation error 

is performed by comparing the exact value of the contact force evaluated with CONTACT 

and the approximated value obtained with linear interpolation of LUT data. The center 

point of each cell and the middle point of each edge are used to evaluate this error. Note 

that by point it is meant a set of values of input parameters.  

 

3.1.Analysis of the Variation of the Input Parameters 

The variation of each output parameter, i.e., the two force components and moment, 

to each one of the input parameters is evaluated in order to understand which are the 

parameters that need a finer or coarser discretization. Bearing this in mind, with a design 

of experiments technique [39], ten points inside the domain of the lookup table are 

selected with a Latin Hypercube Sampling (LHS) method, as listed in Table 2. This 

sampling technique allows a suitable inspection of the domain. 
 



6 

 
Parametrized spin creepage (χ)  

 

 
Semi-axes ratio (g) 

 
Creepage angle (α) 



7 

 
Parametrized creepage modulus (ν) 

 
Shape number (ψ) 

Figure 2 Analysis of the variation of the output quantities of the function used to generate the KBTNH using a LHS with 10 points listed in Table 2  

( – solid thick grey line - results for 100 values of each input parameter; – solid thin black line - results for the LUT values) 
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Table 2 Points of the Lookup Table selected using a Latin Hypercube Sampling. 
Point χ g α ν ψ 

1 0.76 0.63 0.79 9.00 0.378 

2 1.88 4.52 -1.48 11.04 -0.702 

3 0.50 1.90 1.13 3.12 -0.900 

4 1.72 1.18 1.48 6.60 0.612 

5 0.96 0.32 -0.06 3.84 -0.252 

6 1.36 0.24 -0.75 0.00 0.090 

7 1.48 4.20 -0.31 10.20 -0.162 

8 0.14 0.49 0.16 7.32 -0.360 

9 0.28 2.61 0.53 1.44 0.342 

10 1.02 0.21 -1.26 5.28 0.828 

 

The sensitivity of the output quantities, i.e., the three forces to each one of the five 

input parameters are calculated about each one of the ten sampling points by varying one 

of the input parameters while maintaining the other four unchanged. Thus, Figure 2 

presents the results of this variation in which each parameter is tested for one hundred 

values within its domain. The variation of the input parameters for the LUT values is also 

included for sake of comparison. Since both lines seem almost overlapping in the full 

scale, a representative plot of each input parameter was amplified in order to observe the 

existence of the error caused by the linear interpolation. 

The analysis of the variation of the outputs shown in Fig. 2 provides useful 

indications on the requirements for finer or coarser discretization. The spin creepage 

shows a more pronounced nonlinear behavior in the left side of the domain being almost 

linear in the right side. The semi-axes ratio seems to have a logarithmic like behavior, 

which suggests having an equivalent refinement from 1/5 to 1 and from 1 to 5. The 

creepage angle leads to a force and moment response that resembles a sinusoidal 

behavior. It is observed that the creepage modulus is highly nonlinear for low values, 

which suggests refinement, becoming almost linear for high values of creepage. The 

shape number leads to a very moderate nonlinear behavior, thus, a small number of points 

is required to provide a good approximation. It is also observed that some plots present 

noisy curves, as in the case of the variations of the semi-axes ratio and the shape number. 

This is expected, since the change of these parameters implies a modification of the 

contact patch shape. Thus, this results in an adjustment of the mesh used in CONTACT 

which cause a non-smooth variation of the output quantities. All in all, the analysis of the 

variations allows to identify which are the variables that produce a more pronounced 

nonlinear response of the output quantities and, therefore, the ones that require a finer 

discretization of the LUT.  
 

3.2.Interpolation error in cells 

The assessment of the accuracy of the current LUT is performed by the evaluation 

of the interpolation error measured as the difference between the exact value of the forces 

and moments calculated with CONTACT and the value for the same quantities 

interpolated from the LUT. In order to have a proper error analysis, it is of paramount 

importance to select suitable points in which the error evaluation is performed. Certainly, 

in the LUT points the interpolation error is null as the forces and moments in these points 

are exact. Thus, the best candidates for points with maximum errors are those in the 

vicinity of the LUT cell center as shown graphically in Figure 3, for a case in which only 
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3 inputs are considered. Note that in the current case there are 5 input parameters making 

the graphical representation of the LUT cell center impossible. Assuming that the distance 

between LUT points is sufficiently small to that the error introduced by the interpolation 

is inversely proportional to the distance to them, the point in the center of each cell would 

lead to the output with the highest error, since it is the one farthest from the lookup table 

points, for which the output is exact. 

 

 
Figure 3 Schematic representation of the error evaluation  

at the center of a cell of a 3D lookup table. 

For the LUT with the points described in Table 1, the number of cells defined in the 

space that it spans is 

  
5

c

1

  1   64 680i

i

N n


    (13) 

 

The errors of interpolation for the center of each cell of the LUT for the forces and 

moment are presented in Fig. 4 for the three output quantities. The cell number, that 

defines the order in which each input parameter is spanned, can be evaluated as 

             + 1 1 1 1 1 1 1 1  c g gn i n i n i n i n i                   (14) 

where ik is the i-th space of the parameter k. Moreover, the interpolation error for each 

output quantity can be evaluated as the absolute difference between the interpolated value 

using LUT data and the exact value obtained with Eqs. (9)-(11), that is 

   int ( , , , , ) ( , , , , )x c x c c c c c x c c c c cError f n f g f g          (15) 

   int ( , , , , ) ( , , , , )y c y c c c c c y c c c c cError f n f g f g          (16) 

   int ( , , , , ) ( , , , , )z c z c c c c c z c c c c cError m n m g m g          (17) 

where χc, gc, αc, νc, and ψc are the values of the input variables in the center of the cell nc 

and fx
int, fy

int and mz
int denote the creep forces and moment obtained through linear 

interpolation of the LUT data.  

Since all the parameters are interpolated at the same time, it is not possible to check 

which one is the main source of error. The results only allow to identify the order of 

magnitude of the maximum interpolation error of each output quantity. 

 

3.3.Interpolation error in edges 

In order to improve the LUT design, it is necessary to identify which are the 

parameters that need to be more refined and the ones that can have a coarser distribution. 

To address this issue, the interpolation error is evaluated at the points in the middle of the 

LUT edges as represented in Fig. 5. Note that when interpolating at any edge of the LUT, 

four input parameters are kept constant, and the interpolation is performed with the 

variation of a single parameter. Thus, the evaluation of the error in the middle point of 

- LUT Points

- Interpolated Points



10 

the edges allows to determine the error introduced by the discretization of each individual 

input parameter. 
 

 
Figure 4 Interpolation error at the center of the LUT  

cells for different outputs over the domain. 

 

 
Figure 5 Schematic representation of the error evaluation  

at the middle point of the edges of a cell of a 3D lookup table. 

The number of edges of the LUT is significantly higher than the number of cells 

being given, for the LUT with the structure presented in Table 1, as 

 

 
5

5
1

e

1

1

    506 960

i j

j

i i

n n

N
n







 


  (18) 

The maximum and mean errors of the normalized creep forces and moment are evaluated 

for each edge of the lookup table domain, and summarized in Figs. 6 and 7, respectively. 

Thus, the values of the interpolation error at the middle point of each edge are obtained 

with an analogous manner as for the interpolation error in the center of the cells, as it was 

represented by Eqs. (15)-(17). In each plot all the outputs are presented with the same 

scale, for easier readability and comparison. 

From the analysis of the maximum interpolation errors, displayed in Fig. 6, the peak 

value is found for the interpolation of the spin creepage, which suggests that additional 

points should be used in the LUT. The higher values of spin creepages present lower 

- LUT Points

- Interpolated Points
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interpolation error, actually suggesting that less points can be used in the LUT for the 

higher values.  
 

 

Parametrized spin creepage (χ)  

 

Semi-axes ratio, (g) 

 

Creepage angle (α)  

 

Parametrized creepage modulus (ν) 

 

Shape number (ψ)  

Figure 6 Maximum interpolation error between two consecutive points  

of the same independent parameter for each output quantity. 

The semi-axis ratio is plotted in a logarithmic scale, and it shows higher errors for 

the larger intervals in this scale. This observation suggests that a finer refinement is 

required for the lower semi-axis ratio values and that a coarser refinement can be used in 

the higher values. 

The creepage angle and modulus and the shape number have all evenly distributed 

errors along each domain. However, the interpolation error from the creepage modulus 

and the shape number present a maximum error magnitude much lower than that of the 

remaining parameters, which means that they can have a coarser refinement without 

damaging the LUT accuracy. 

In what concerns to the mean error, the magnitude of error is significantly lower, as 

seen in Fig. 7, but a similar analysis to that made for the maximum error can be made. 

The maximum mean error is found to be in the lower values of the semi-axis ratio. 

Relatively to the remaining input variables, they have discretization which favor uniform 

error distributions. However, the creepage angle exhibits the highest interpolation error. 

There is no advantage of having different levels of error for different input 

parameters, since the accuracy of the table is limited by the variable that introduces the 

highest error. This means that the design of the LUT can be enhanced either by improving 

the discretization where the error is higher, thus increasing accuracy, or by using a coarser 

discretization where the error is smaller, which lowers the size of the LUT. 
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Parametrized spin creepage (χ)  

 
Semi-axes ratio, (g) 

 
Creepage angle (α)  

 
Parametrized creepage modulus (ν) 

 
Shape number (ψ)  

Figure 7 Mean interpolation error between two consecutive points  

of the same independent parameter for each output quantity. 

 

4. Generation of enhanced KBTNH 

As it was previously shown, the current KBTNH has an unbalanced interpolation 

error for the different input parameters. Based on the analysis made in the previous 

section, two novel LUT designs are proposed. The options are either to have a smaller 

sized table keeping the error level or to improve the accuracy while preserving the LUT 

size. A trial and error procedure, which involves the generation of table and error analysis, 

is used here to obtain the enhanced LUTs. For instance, the creepage angle and shape 

factor have the same range of errors for the positive and negative parts of their domains, 

therefore, they must be symmetric in this perspective. Moreover, the distribution of points 

of the semi-axis ratio must be symmetric about 1 in a logarithmic scale. 

 

4.1.Reduced Size Enhanced LUT 

In order to preserve the same accuracy of the original LUT, the parameters that lead 

to the higher values must be kept with the same or similar discretization in the region of 

such error. Thus, the creepage angle, which has an equally spaced distribution, is 

maintained unchanged. The spin creepage may have a coarser discretization for higher 

values. Regarding the semi-axis ratio, the points must be redistributed to achieve the 

symmetry about 1. The number of points used for the creepage modulus and shape 

number can be significantly reduced, since the current error on the output quantities is 

much lower than for any other input parameter. 
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Bearing in mind the observations on the errors due to the discretization of the input 

parameters, an enhanced version of the KBTNH is proposed, being its discretization 

described in Table 3. The number of points used for the discretization of each parameter 

is reduced relatively to the original LUT. The total number of data points in the enhanced 

LUT is now 

 
5

1

    24 010p i

i

N n


   (19) 

Comparing the size of the enhanced LUT with the size of the original LUT, given 

in Eq. (12), a compression ratio of 4.72 is obtained for similar accuracy. This has a 

substantial impact on the time to generate the LUT and on the time to search and 

interpolate the LUT during dynamic analyses. 
 

Table 3 Domain of the enhanced Kalker Book of Tables  

for Non-Hertzian (KBTNH) contact with reduced size. 

Parameter No. of Points Deviation 





0.00 0.25 0.50 0.75

1.00 1.50 2.00
   nχ=7 -1 

1 1 1
1 2 3 5

5 3 2
g

 
 
 

 ng=7 -1 

0
2 3 6 6 3 2

     


 
    
 

 nα=7 0 





0.0 0.2 0.4 0.7 1.2

2.0 3.5 5.0 8.0 12.0
   nν=10 -13 





0.9 0.6 0.3

0.0 0.3 0.6 0.9


  
  nψ=7 -4 

 

 
Figure 8 Interpolation error at the center of the LUT cells for  

different outputs over the domain of the enhanced LUT with reduced size. 
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To assess the accuracy of the enhanced KBTNH and compare it with the original 

one, the evaluation of the interpolation error at the center of the cells and at the middle 

point of the edges of the LUT was performed similarly to that made in Sections 3.2 and 

3.3, respectively. The error of interpolation at the center of the cells of the LUT proposed 

in Table 3 is displayed in Fig. 8. Moreover, Figures 9 and 10 depict, respectively, the 

maximum and mean errors of interpolation for the normalized creep forces and moment. 

Through the comparison of the plots of Figs. 4 and 8, it can be recognized that a 

similar level of error in the center of the cells can be achieved with a significant reduction 

of the size of the LUT if a careful selection of its points is made. By observing Fig. 9 and 

10, it can be concluded that the level of maximum error is similar to the original one, i.e., 

lower than 0.25. However, the maximum mean error is reduced even with the decrease of 

number of points used in the discretization of some input parameters. Moreover, the two 

parameters that are more affected by this change, i.e., the creepage modulus and shape 

number, keep their interpolation error lower than the creepage angle, as represented in 

Fig. 10. 

 

 
Parametrized spin creepage (χ)  

 
Semi-axes ratio, (g) 

 
Creepage angle (α)  

 
Parametrized creepage modulus (ν) 

 
Shape number (ψ)  

Figure 9 Maximum interpolation error between two consecutive points of the same independent  

parameter for each output quantity of the enhanced LUT with reduced size. 

4.2.Improved Accuracy Enhanced LUT 

By keeping the size of the LUT and redistributing the LUT points, a higher accuracy 

of the interpolation is obtained. Some points are removed from the zones with lower error 

to be placed where the error is higher. Also, the guidelines gathered from the analysis of 

variation of the input parameters were taken into account for the selection of LUT points. 
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For this purpose, the spin creepage was refined for values between 0 and 1 to reduce the 

maximum interpolation error. Then, more points are added to the semi-axis ratio to 

maintain the same target. Since the creepage angle leads to one of the major sources of 

error, two additional points are considered in the discretization, keeping the constant 

spacing distribution. As for the enhanced LUT presented in section 4.1, the number of 

points for the creepage modulus and shape factor can be reduced due to original low 

interpolation error associated to them. 
 

 
Parametrized spin creepage (χ)  

 
Semi-axes ratio, (g) 

 
Creepage angle (α)  

 
Parametrized creepage modulus (ν) 

 
Shape number (ψ)  

Figure 10 Mean interpolation error between two consecutive points of the same independent  

parameter for each output quantity of the enhanced LUT with reduced size. 

Based on the observations made, an enhanced KBTNH described in Table 4 is 

proposed. The number of points used in the discretization is increased for the spin 

creepage, semi-axis ratio and creepage angle, while it is decreased for the discretization 

of the creepage modulus and shape number. The total number of LUT entries is now 

 
5

1

    117 117p i

i

N n


   (20) 

The new enhanced LUT is, approximately, 1.03 times bigger than the original 

KBTNH, which is acceptable. To verify the accuracy enhancement of this table, the 

interpolation error at the center of the LUT cells is evaluated, and its values are presented 

in Fig. 11. From its analysis, it can be demonstrated that a significant reduction of the 

error has been accomplished comparatively to the original LUT. Also, the assessment of 

the interpolation error at the middle point of LUT edges is performed, being the maximum 

and mean interpolation errors for the normalized creep forces and moment shown in Fig. 
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12 and 13, respectively. The results indicate that the maximum error is below 0.12 which 

is less than half of that exhibited by the original KBTNH. It can be recognized that, for 

this enhanced LUT, the interpolation error is much more balanced than in the original 

one, i.e., the order of magnitude of the error is similar for the five parameters. Moreover, 

this large decrease of the error provides higher confidence for the use of this new LUT 

on railway vehicle dynamics, since it has higher resemblance with the online use of 

CONTACT, deemed as the correct representation of the rail-wheel contact forces. 

 

 
Figure 11 Interpolation error at the center of the LUT cells for  

different outputs over the domain of the enhanced LUT with improved accuracy. 

 

Table 4 Domain of the enhanced Kalker Book of Tables  

for Non-Hertzian (KBTNH) contact with improved accuracy. 

Parameter No. of Points Deviation 
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g

 
 
 

 ng=13 +5 

3 3
0

2 8 4 8 8 4 8 2

       


 
     
 

 nα=9 +2 
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   nν=13 -10 





0.9 0.6 0.3

0.0 0.3 0.6 0.9


  
  nψ=7 -4 
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Parametrized spin creepage (χ)  

 
Semi-axes ratio, (g) 

 
Creepage angle (α)  

 
Parametrized creepage modulus (ν) 

 
Shape number (ψ)  

Figure 12 Maximum interpolation error between two consecutive points of the same independent  

parameter for each output quantity of the enhanced LUT with improved accuracy. 

 

5. Conclusions 

The improvement of efficiency and accuracy in railway simulations demands the 

development of advanced computational tools. This works presented the analysis and 

improvement of the KBTNH utilized for the calculation of creep forces and moment in 

the wheel-rail interaction. Firstly, the original LUT was characterized, and the assessment 

of its accuracy was performed through an analysis of the variation of its input parameters 

and an interpolation error evaluation. This analysis showed that the interpolation error 

introduced by the distribution of the LUT points was significantly different for the several 

input parameters. This observation allowed to redistribute the location of the LUT points, 

and even eliminate some of them where the LUT was too refined. Based on this error 

analysis methodology, two enhanced LUTs were generated, one with a reduced size but 

similar accuracy to the original and another with the same size of the original LUT but 

with improved accuracy. The former, with similar accuracy, has its size decreased by a 

ratio of 4.72. The latter, with a size identical to that of the original, exhibits a maximum 

interpolation error reduced by half. In view of the current computational capacity, the 

strategy for reducing the interpolation error seems more logical, although the decrease of 

the size of LUT can be preponderant for problems with even more input parameters. 

The methodology presented to perform the accuracy assessment of the KBNHT can 

be employed in other types of LUTs and support the generation of a more accurate LUT 

with evenly distributed errors. Further studies may consist of analyzing the impact of 
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using a more accurate table on the dynamic simulation of railway vehicles and developing 

an optimization technique to generate automatically LUTs with prescribed accuracy and 

minimal size. 
 

 
Parametrized spin creepage (χ)  

 
Semi-axes ratio, (g) 

 
Creepage angle (α)  

 
Parametrized creepage modulus (ν) 

 
Shape number (ψ)  

Figure 13 Mean interpolation error between two consecutive points of the same independent  

parameter for each output quantity of the enhanced LUT with improved accuracy. 
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