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Abstract 7 

This paper investigates the accelerating up transient vibrations of a rotor system under both the random 8 

and uncertain-but-bounded uncertainties. The Polynomial Chaos Expansion (PCE) coupled with the 9 

Chebyshev surrogate method is used to analyses the propagations of the two categorizes of uncertainties. 10 

The output responses will possess the characteristics of both bounded quantities and statistical moments. 11 

As a hybrid non-intrusive uncertainty quantification (UQ) procedure, the deterministic rotor model is 12 

taken as a black box and will only be executed at specific parameter points. A number of uncertain 13 

physical parameters are studied and the corresponding transient responses are presented. The accuracy 14 

and efficiency are verified by the Monte Carlo simulations (MCS) in combination with the scanning 15 

scheme and also other hybrid analysis framework. It will provide guidance for the accurate transient 16 

dynamic analysis of engineering problems with hybrid uncertainties.  17 

Keywords: transient rotordynamics; hybrid uncertainties; polynomial chaos expansion; interval analysis 18 

1. Introduction 19 

Rotating component is an important and fundamental class of motion element in modern machineries. 20 

Transient vibration behaviours of rotor systems are of great significance for the condition monitoring 21 

and dynamical investigations [1, 2]. Darpe et al. [3] investigated the transient responses of a cracked 22 

rotor and discussed the diagnosis of crack fault. Choy and Padovan [4] analyzed the nonlinear transient 23 

vibrations of a rubbing rotor. Insightful rub mechanism and relevant dynamic behaviours were studied. 24 

Recently, Yue et al. [5] used the start-up accelerating response for dynamical balancing of turbine engine 25 

rotors. Uncertain factors such as wear and load variation are present in engineering mechanical systems 26 

[6, 7] and their dynamics will be affected by the uncertainties [8, 9]. The sources and causes can be 27 

diverse, as explained in [10]. Researchers have paid their attention to the uncertain vibrations of systems 28 

with crack fault [11, 12] and the instabilities under uncertainty [13]. There are practical demands from 29 

both the academic and industrial communities for robust evaluations of the transient rotordynamics 30 

under uncertainty, which calls for the non-deterministic analyses.  31 

 The uncertainties in an engineering problem can be generally described by two groups of variables, 32 

i.e. the random [14, 15] and interval ones [16, 17]. The two categories correspond to the probabilistic 33 

and non-probabilistic representations. Random uncertainties are used to describe those whose precise 34 
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probability density functions (PDFs) are already known. Many sophisticated applications [18-22] of the 35 

stochastic methods to rotordynamics can be found, including the principle of maximum entropy, the 36 

MCS, the global optimization method [23] and the perturbation method [24]. The PDF of a random 37 

quantity can be constructed from sufficient statistical information. It is suggested to use probability-38 

based descriptions when there are plenty of samples or verified empirical distribution models, because 39 

they are precise and accurate for uncertainty propagation analysis. The mathematical deduction is 40 

rigorous as well. Direct application of the MCS may lead to prohibitive computational burden due to 41 

its poor convergence rate. Perturbation methods are subject to small uncertainty limitations. Some 42 

procedures require necessary amendments to the existing solution codes, which is featured as intrusive. 43 

The PCE, which is one of the spectral methods, can work in non-intrusive way and exhibits excellent 44 

performance in stochastic modeling of random variables and processes. It is popular and widely 45 

employed in the UQ for mechanical systems recently. Researchers adapted the PCE to the stochastic 46 

dynamics analyses of rotor systems [25-27] and further investigated the influences of the PC order on 47 

the responses of an asymmetric rotor near resonances [28]. In order to avoid subjective results, interval 48 

variables characterized only by their bounds are alternatively adopted in situations where the precise 49 

PDFs of uncertainties are unavailable. Small sample sizes with inadequate information to summarize 50 

such distribution models are common in early design stages. Moreover, quantities changing with time 51 

such as degradation or simply insufficient knowledge of the designers can also lead to such conditions. 52 

Uncertainty analysis involving interval quantities can be carried out using direct interval arithmetic, 53 

which may, however, cause large overestimations known as the wrapping effect. Intrusive interval 54 

methods such as the interval Taylor approach and perturbation method [29, 30] can often get relatively 55 

tight response bounds, but they are difficult to adapt to different problems as the mathematic formulation 56 

is complex and modifications should be made to the original solvers. The Chebyshev inclusion function 57 

(CIF) [31], which controls well the overestimations, has the advantages of transparency and simplicity 58 

in concept. It is non-intrusive and applicable to different kinds of dynamic problems governed by ODEs 59 

and PDEs as it treats them as a black box. A collocation scheme for the interval method [32] was further 60 

proposed to alleviate the increasing computational efforts in multi-dimensional cases. Early efforts have 61 

been made by researchers using the interval methods to the UQ for the dynamics of rotating systems 62 

[33-37]. However, the non-probabilistic interval methods have not yet aroused sufficient attention in 63 

the field of rotordynamics, although some fruitful findings were presented.  64 

 In engineering context, problems with partial incomplete information are often confronted and both 65 

the random and interval uncertainties are contained at the same time [38-40]. There is a rising number 66 

of hybrid uncertainty studies in statics, structural dynamics and reliability analysis [41-44]. In the field 67 

of rotordynamics, most of the researchers concentrated on random type uncertainty analysis and a few 68 

on the interval UQ. A likelihood-based approach was proposed to study the effects of the mixed 69 

uncertainties on the dynamics of a rubbing Jeffcott rotor system [45]. The transient dynamics of rotor 70 

systems under hybrid uncertainties has aroused inadequate attention and remain unrevealed. It will pose 71 

challenges for the UQ algorithms to achieve accurate estimations in the attenuation area of transient 72 
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vibrations where the fluctuations are present. In this paper, we are devoted to investigate the transient 73 

dynamics of a rotor system during the accelerating up process with both the random and interval 74 

uncertainties included. A non-intrusive dual-layer uncertainty propagation model is proposed to cope 75 

with the two categories of uncertain parameters, which overcomes the constraints of small-range 76 

uncertainties and the symbolic manipulations in the existing algorithms. To improve the efficiency 77 

necessary strategies aimed at reducing the underlying computational costs are incorporated in cases 78 

with multiple uncertain parameters. Investigation into the influence mechanisms of different uncertain 79 

parameters on the transient vibrations will be carried out.   80 

 The content of the rest of this paper is as follows. First, a hollow-shaft overhung rotor system and its 81 

governing time-varying motion equations are described. Second, the representations of the two types of 82 

uncertainties and the underlying problem to be solved are explained. The non-intrusive uncertainty 83 

handling methodologies are then illustrated in detail. Third, the numerical results obtained are compared 84 

with those provided by the classic sampling methods. Finally, the transient vibration responses are 85 

demonstrated through numerical simulations with multiple uncertain parameters.  86 

2. Rotating system modeling 87 

The rotating system considered in this paper has a typical overhung configuration, which has wide 88 

applications in jet engines and pumps. The schematic diagram is presented in Fig.1. It consists of a step-89 

diameter hollow rotating shaft, two isotropic elastic supports and a rigid disk placed at the right side of 90 

the rotor. The length of the rotor is L and the disk has a mass dm . Considering the feature of the system 91 

configuration, the transfer matrix method is convenient here for the deduction of the motion equations. 92 

Unlike the finite element method, it keeps the sizes of the modeling matrices constant regardless of the 93 

number of degrees of freedom, which is beneficial for program computation. At the cross-section of a 94 

station in x   direction, the motion status can be characterized by four parameters
T[    ]x M Q  , i.e. 95 

lateral displacement, bending angle, bending moment and shear force. The same applies to the y  96 

direction. Every feature component such as the shaft, bearing and disk should be modeled as a station 97 

and their transfer modes are predefined. When utilizing the transfer matrix method, the rotor in Fig. 1 98 

is discretized into the two bearing elements, one disk element and six beam elements (Each shaft is 99 

divided into three elements). The cross-section status relationships of a rigid disk are shown in Fig. 2, 100 

where i  is the angle between the shaft centerline and the horizontal line [46]. Due to unbalance on 101 

the mass disk and gravity, the excitation forces can be expressed as 102 
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where   and   denotes the rotating speed and the angular acceleration of the system, m  is the 104 

mass of the disk. Notation e is the eccentricity and    represents the initial unbalance angle. The 105 

moments attached to the system due to the gyroscopic effect are  106 
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in which ,     are the angles of the disk in the two perpendicular planes, 
pI  and dI  are the polar and 108 

transverse moments of inertia. The increments of the status parameters when passing the disk are 109 
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 (4) 112 

Therefore, the status vector before the disk 
bS  and after the disk 

aS  have the following relationship 113 

 a b  S S S  (5) 114 

For a beam element, the status vector relationship in the x direction is illustrated in Fig. 3. Considering 115 

these elements, the tansfer function is expressed as  116 

 2 2 1 1 0b s b s bS T T T T S  (6) 117 

in which 2 2 1, , s b sT T T  and 1bT  are the transfer matrices for shaft 2, bearing 2, shaft 1 and bearing 1, 118 

respectively. They all have the same size 8 8 . 0S  is the status vector of the left-end cross section of 119 

the rotor system. The matrix expressions for beam elements and bearing elements can be found in Ref. 120 

[47]. The boundary conditions should be used to derive the motion equations. To create free boundaries, 121 

vitual additional shafts (transfer matrix vT ) with a very small length are added to both ends of the rotor. 122 

The influences to the system can be neglected. The following expressions hold true 123 

 0,   R v b v L S T S S T S  (7) 124 

where LS  and RS  are the status vector of the new left and right ends of the rotor. In LS  and RS , 125 

the shear force Q  and bending moment M  should equal to zero  126 
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with 2 2 1 1v s b s b vT T T T T T T . Subscript L represents the left side of the rotor. Let  
T

( ) ,  ,  ,  t x y U  128 

represents the displacement vector of the disk geometric center, the transfer function from the left end 129 

of the system to the disk can be expressed as 130 
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 (9) 131 

with 2 2 1 1s b s b vT T T T T T . Combine Eqs. (8)-(9) and rearrange it according to the differential order, the 132 

following motion equations can be obtained  133 

 ( ) ( ( )) ( ) ( ) ( ) ( )t t t t t t   MU D G U K U F  (10) 134 

where M  , D  , ( )tG  and ( )tK   are the mass, damping, gyroscopic and stiffness matrices of the 135 

rotating system, respectively. A dot over the displacement vector represents the derivation with time. 136 

Notation ( )tF  is the force on the system, which can be given as 
T( ) [ ,  0, ,  0]x yt F FF . As the mass 137 

of the rotating shaft is included, the general equations of motion of the system will be time-variant. The 138 

deterministic ordinary differential equations can be dealt with using the precise integration method or 139 

the numerical time integration methods [48, 49].  140 



5 

 

Bearing 1 Bearing 2

Shaft 1
Shaft 2

Case

Disc

L

md

K1 K2

 141 

 142 

Fig. 1. Academic model of the overhung rotor system.  143 
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Fig. 2. Transfer mode for rigid disk element.  147 
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Fig. 3. Transfer mode for shaft element.  150 
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3. Uncertainty representation and quantification 153 

In this section, the representation of different types of parametric uncertainties will be described firstly. 154 
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The underlying uncertain transient dynamic problem is then explained. For the random uncertainties, 155 

the non-intrusive PCE is used to quantify their effects based on the Gaussian law. The non-intrusive 156 

Chebyshev surrogate is constructed to analyze interval uncertainties. Therefore, the final results will 157 

possess the characteristics of both the upper and lower bounds derived from the interval procedure as 158 

well as the expectation and variance from the stochastic calculation.  159 

3.1. Representation of uncertainties and uncertain problem 160 

As stated previously, the uncertainties are modeled as random and interval variables according to their 161 

available prior information. An assumption that all the uncertain parameters are independent is made in 162 

this study. With sufficient samples or verified distributions, the uncertainties can be more accurately 163 

described as random quantities with precise PDFs. For those inputs, we define a random parameter 164 

vector 1 2= [ ,  ,  ,  ]ma a aa  , m   denotes the number of random variables. The commonly used 165 

Gaussian distribution is adopted here for explicit formulation. For convenience, it can be rewritten as 166 

 = (1+ )aa a   (11) 167 

where a   is the mean vector of a  , 
a   is the standard deviation coefficient vector of a   and 168 

1 2,  ,  ,  ]m      represents the m-dimensional standard Gaussian variable vector. The multiply 169 

operation in Eq. (11) is carried out by components. For each of the standard Gaussian variable, we 170 

have 171 

 ~ (0,  1),  1,  2,  ,  i N i m   (12) 172 

Then the expectation and variance vector of a  can be expressed as 173 
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where  175 
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where operator [ ]E   gives the expectation. Eq. (11) links the actual random parameters with the 177 

mathematical standard Gaussian variables, which will be beneficial for further manipulations.  178 

 Non-probabilistic interval variables are introduced to model the uncertainties whose precise PDFs are 179 

unavailable. This occasion is common where the number of samples is small. Then the lower bound 180 

(LB) and upper bound (UB) can be used to characterize such input. Similarly, we can define an interval 181 

parameter vector 
I I I I

1 2= [ ,  ,  ,  ]nb b bb  , n   is the number of interval parameters. The superscript I 182 

denotes an interval character. According to interval arithmetic, the interval vector can be expressed by 183 

its mid-point vector and radius vector as 184 

 I c I r= + bb b b  (15) 185 

where 
I

b  is the standard interval variable vector, i.e.  186 
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Other notations in Eq. (15) are given by 188 
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where 
L

b  and 
U

b  are the LB and UB vectors of 
I

b . The transformation in Eq. (15) also connects 190 

the actual interval parameters with the mathematical standard interval variables. 191 

 In presence of both the random and interval uncertainties, the governing motion equations should be 192 

rewritten as 193 

 I I I I I I I( ) ( ) ( ) ( ) ( ) ( ) ( )  M ab U ab C ab U ab K ab U ab F ab  (18) 194 

where 
I I[ ;  ]ab a b  collects all the uncertainties, C  is a combination of the damping and gyroscopic 195 

terms, and the notation of time t is dropped for simplicity in expression. Equation (18) cannot be solved 196 

directly since it is indeterminate and advanced methodologies need to be incorporated, which will be 197 

demonstrated in the next subsections. One can firstly deal with either the stochastic uncertainties or the 198 

interval ones. If the stochastic ones are considered at first, then the final results will be the LB and UB 199 

of the expectation and variance of the transient response. In the other way, they are the expectation and 200 

variance of the LB and UB of the dynamic response. Herein, the random type parameters will be handled 201 

first. The output solutions can be expressed as 202 
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3.2. Polynomial chaos expansion for stochastic uncertainties 204 

Stochastic modeling of uncertainties can be performed via the PCE in both non-intrusive and intrusive 205 

ways [25, 28]. Generally, the non-intrusive implementation is applied due to its simplicity in concept. 206 

It is based on the Karhunen-Loeve expansion in conjunction with the Galerkin projection. Detailed 207 

tutorial can be found in literatures on the topic of stochastic finite element methods [50, 51]. For 208 

different stochastic distribution types, there are corresponding optimal orthogonal polynomials. The 209 

Hermite polynomials are associated with the Gaussian random quantities, which are used in the current 210 

study. When dealing with the random uncertainties, the interval parameter vector is kept constant as its 211 

mid-value. According to this theory, the stochastic transient response of the rotating system can be 212 

expanded on the mean-square convergent polynomial chaos as  213 

 
I I
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k
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U a b b   (20) 214 

where 
I( )kU b  is the unknown expansion coefficient and currently deemed as deterministic. ( )k   215 

represents a rearrangement of the multi-dimensional orthogonal polynomials related to the Gaussian 216 

functions which construct a complete basis in the second-order random variable space [25].  217 

 In practical computation, the expansion of Eq. (20) can only be accomplished in finite terms. It is 218 

truncated after P terms which is the total number of homogenous chaos used and can be given by  219 
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= 1
! !

m p
P

m p


  (21) 220 

where m  and p  are the number of random variables and the order of polynomial chaos, respectively. 221 
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The PCE coefficients is evaluated by  222 
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in which 
2[ ( )]kE    can be calculated based on the orthogonality of the Hermite polynomials 224 

 2( ) ( ) ( ) [ ( )]i j ij id E     



      (23) 225 

where 
ij  is the Kronecker delta function and 

2 /2( ) e     is the weight function associated with 226 

the Gaussian distribution. Explicit expressions of 
2( )i   and 

2[ ( )]iE    can be found in [50]. 227 

 The remaining crucial step now is to calculate the 
I[ (  ) ( )]kE U  b   . In single-dimensional form, 228 

it is expressed as 229 

 I I[ (  ) ( )] ( ) (  ) ( )k kE U U d      



    b b  (24) 230 

Equation (24) can be further calculated by the Gaussian-Hermite quadrature which is a numerical 231 

technique for continuous integrations  232 
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where { }i  are the quadrature points and 1  denotes the number of them. ( )k i  and 
I(  )iU b234 

are the Hermite values and the system response evaluated at i , respectively. iA  is the quadrature 235 

coefficient. Generally, the quadrature points are drawn as the zeros of Hermite polynomials whose order 236 

are higher than the chosen PCE order p. We use the p+1 order term 237 
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The quadrature coefficient in Eq. (25) is given by 239 
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 (27) 240 

In multi-dimensional form, the above numerical integration is calculated in tensor form. Generally, the 241 

low-order PCE can provide satisfactory estimations. In problems where high order expansion is required, 242 

the sparse grid technique or least square regression can be applied to reduce computational burden [42]. 243 

It can be observed that the original rotating system model will only be called at quadrature points in the 244 

construction of the PCE. In implementation, the Gaussian distribution is truncated and the random 245 

samples that have negative values should be removed to guarantee that the physical parameters of the 246 

rotor system stay strictly positive [25]. The stochastic transient response of the rotor system considering 247 

random uncertainties can then be characterized by the first two statistical moments, i.e. the ensemble 248 

mean and the variance 249 
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 (28) 250 

3.3. Chebyshev surrogate method for interval uncertainties 251 

In the last subsection, random uncertainties are modeled and the mean and variance of the stochastic 252 
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response have been produced. Now, we have to take the effects of interval parameters into consideration, 253 

which leads to the calculation of the interval mean response and interval variance. The main objective 254 

is to find the min/max values of the first two statistical moments for each element. Direct interval 255 

arithmetic or the intrusive interval methods have their disadvantages with respect to overestimation 256 

control and application convenience in engineering problems. Alternatively, we use the non-intrusive 257 

Chebyshev surrogate [32] to model the uncertain problem regarding the procedure of the PCE and the 258 

original rotor system as a black box. Based on Eqs. (15) and (28), the practical interval parameters 259 

have been transformed to a set of standard interval variables 
I

b  and we can model with the latter 260 

equivalently. Their projection relationship can be expressed as   261 

 
I c

I

r
=


b

b b

b
  (29) 262 

where calculation is done in components. Let 
I 2 I= [ 1,  2] = [ ( ),  ( )]Y Y Y b b   , the goal is to 263 

determine the bound values for every element in the 
I( )Y b  . By using Eq. (29) and the q-order 264 

Chebyshev approximation, the following surrogate can be established 265 
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where 
1 2 ni i i  is the Chebyshev expansion coefficient and   represents the appearance times of zero 267 

in the subscript indices 1 2,  ,  ni i i . 
1 2 ni i iC  denotes the n-dimensional Chebyshev polynomial 268 

 
1 2 1 21 2( ) ( ) ( ) ( )

n ni i i i i i nC C C C    (31) 269 

where the single-dimensional Chebyshev polynomial is expressed as 270 

 ( ) cos( arccos )),   [ 1,  1]iC i      (32) 271 

In recurrence form, it is given by 272 
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Its zeros are often used as numerical integration points, which are calculated by 274 
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   (34) 275 

where 2   is the number of integration points used and it is set to 2 1q     in this study. The 276 

expansion coefficients can be evaluated by the Gaussian-Chebyshev quadrature in tensor way using all 277 

of the Chebyshev points. The number of the interpolation point pool in multi-dimensional cases is 278 

2 ( 1)n nN q   , which may be unaffordable for large-scale problems. A collocation sampling scheme 279 

using fewer samples was proposed in [32]. According to this approach, the coefficients can be obtained 280 

alternatively by the regression technique. Delete the terms in Eq. (30) whose order is higher than q and 281 

the number of remaining terms is ( )!/ ( ! !)N n q n q    . It is suggested that ˆ 2N N    collocations 282 

should be kept in order to be robust if 2N N    holds true [52]. Since the number of unknown 283 

coefficients does not match the number of the sample points, the least square formulation can be 284 

employed to solve the problem as 285 

 T 1 T(    Y     (35) 286 

where   denotes the N̂ n  sample matrix.  Y  , which is deterministic, represents the ensemble 287 
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mean and variance output matrix calculated via the PCE procedure at those sample points. The 288 

transformation matrix   is composed of the values of the multi-dimensional Chebyshev polynomials 289 

evaluated at sample points and it is given in elements as 290 
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where 1 [0,  ]ni i q   . The expression for statistical moments output matrix of the system is 292 
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 (37) 293 

When the unknown coefficients of Eq. (30) are solved, the surrogate model is fully determined. 294 

Optimization or the scanning method can be incorporated to search the min/max values of the simplex 295 

surrogate function without much effort. The complete set of results to characterize the transient response 296 

of the rotating system considering both random and interval uncertainties are: the upper bounds of the 297 

expectation (UBE) and variance (UBV), and the lower bounds of the expectation (LBE) and variance 298 

(LBV). Based on Eqs. (19) and (28), they are expressed as 299 

 I L U

[-1, 1] [-1, 1]

= [ , ] = [min( 1), max( 1)]
n n 

Y Y
 

    (38) 300 

 2 I 2 L 2 U

[-1, 1] [-1, 1]

( ) = [( ) , ( ) ] = [min( 2), max( 2)]
n n 

Y Y
 

    (39) 301 

4. Numerical results and discussion 302 

In this section, we will investigate several cases with different random and interval uncertainties. The 303 

values of the deterministic physical parameters of the rotor are given in Table 1. To provide a clear 304 

outline of the simulation results, the parameter sets are summarized in Table 2 for each case. It should 305 

be noted that the hybrid procedure developed can be applied to problems with only random or interval 306 

uncertainties. The variability of the responses will demonstrate the sensitivity of the uncertain parameter 307 

and one can choose to prioritize those with higher impacts in design and optimizations. For better 308 

comprehension in the hybrid cases, we present the results with either random parameter or interval 309 

parameter firstly which correspond to Case 1 and 2. All the transient responses are provided as the 310 

deflection of the geometric center of disk, i.e. 2 2x y . Figure 4 plots the stochastic response of the 311 

rotating system characterized by the expectation and standard deviation considering random viscous 312 

damping using the PC order 3, where the standard deviation is the square root of the variance. To 313 

demonstrate the effects of the deviation of random damping on the stochastic output, three conditions 314 

(5%, 10% and 15%) are considered for simulations and the corresponding standard deviations of the 315 

response are shown in Fig. 5 as supplementary results for Case 1. The mean of the response is 316 

unchanged and it is omitted in Fig. 5. It can be observed that larger deviation in the random damping 317 

leads greater variability in the response. The interval responses are demonstrated in Fig. 6 using the 318 
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Chebyshev order 3 when the eccentricity of the unbalance is treated as bounded uncertainty. From Figs. 319 

4 and 6, we can observe that the two kinds of uncertainties will lead to different outputs of the response. 320 

The expectation of the transient response is identical to the deterministic solution in this case, which is 321 

naturally and essential. Along with the response expectation, a standard deviation curve is presented to 322 

denote the deviation ability of the response. The deviation here mainly denotes the influence of the 323 

random uncertainty on the responses. In Fig. 4, fierce fluctuations in the attenuation zone of the standard 324 

deviation can be noticed, which is influenced by the uncertainty in the viscous damping. The response 325 

range demonstrated in Fig. 6 exhibits the influence of the mass unbalance and the nominal curve is 326 

perfectly enclosed in the bounds. A preliminary impression is provided through these results and the 327 

uncertain responses with hybrid uncertainties can be better comprehended. The accuracy of the hybrid 328 

procedure will be validated in the following cases with multiple uncertainties and therefore this two 329 

cases will not be verified to maintain concise.  330 

 331 

Table 1 Value of physical parameters of the rotor. 332 

Symbol Description Value 

E  Young’s modulus of elasticity 11 22.1 10  N/m  

1L  Length of shaft 1  0.3 m  

2L  Length of shaft 2 0.12 m  

1D  Outer diameter of shaft 1 0.01 m  

2D  Outer diameter of shaft 2 0.02 m  

0D  Inner diameter of shafts  0.03 m  

1K  Stiffness of support 1 81 10  N/m  

2K  Stiffness of support 2 61 10  N/m  

C  Viscous damping 120 N s/m  

m  Disk mass  8.4 Kg  

e  Eccentricity 58 10  m  

  Density 
37800 Kg/m  

pI  Polar mass moment of inertia 
2 0.0695 Kg m  

dI  Transverse mass moment of inertia 
2 0.0357 Kg m  

 

Table 2 Parameter sets for simulations. 

Case e/m K1/ (N/m)  K2/ (N/m)  C/ (N s/m)   / 3(kg/m )  E/ 2(N/m )  

1 58 10  1 810  1 610  N(120,122) 7800 2.1 1110  

2 [7.2,8.8] 510  1 810  1 610  120 7800 2.1 1110  

3 [7.2,8.8] 510  1 810  1 610  N(120,62) 7800 2.1 1110  

4 [7.2,8.8] 510  1 810  [0.95,1.05] 610  N(120,62) 7800 N(2.1 1110 ,
9 2(2.1 10 ) ) 

5 [6.8,9.2] 510  [0.9,1.1] 810  [0.9,1.1] 610  N(120,122) N(7800, 1562) N(2.1 1110 ,
9 2(6.3 10 ) ) 

 333 



12 

 

   334 

Fig. 4. Stochastic transient response of the rotor with random viscous damping (Case 1): (a) expectation and (b) 335 

standard deviation.  336 

 337 

 338 

Fig. 5. Standard deviation of the response subject to random damping with different deviations (Case 1).  339 

 340 

In hybrid problems, we study Case 3 first where the eccentricity is taken as an interval parameter and 341 

the viscous damping is considered to be a random variable. This is a single random-single interval 342 

problem and the deviation ability of them is 10% of their nominal values. In this case, the output will 343 

possess the characteristics of both the probabilistic and non-probabilistic quantities. To verify the 344 

accuracy of the results, the classic sampling methods are applied to provide reference solutions. The 345 

MCS will be used to draw random samples. The scanning method is employed for the interval parameter. 346 

Suppose 1  evenly distributed samples are used to deal with the interval uncertainty and 2  samples 347 

are drawn for the random uncertainty, the total sample points needed to obtain the reference solution 348 

will be 1 2     in this case. At every sample point for the interval parameter, a pair of expectation 349 

and variance of the response will be produced 350 

 351 

(a) (b) 
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 352 

Fig. 6. Interval transient response of the rotor with bounded unbalance eccentricity (Case 2).  353 
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 (40) 354 

where ia  and jb  are the samples in tensor grid for the interval and random uncertainties. The ˆ
ijU  355 

represents the deterministic response at these sample points, which can be expressed in matrix as 356 
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After cycle for all the samples, the bounds of them can be obtained. It is expressed as 358 

 

I

I

[min{ },  max{ }]

[min{ },  max{ }]

ref

ref

 




  

  
 (42) 359 

It should be noted that this process will be time-consuming since the total run times of the rotor analysis 360 

model will be large. For Case 3, we used 20 scanning points and 1000 random samples to calculate the 361 

reference results, which means the deterministic problem will run 20000 times. Figure 7 presents the 362 

interval expectation and interval standard deviation of the uncertain response of the rotor calculated 363 

using the proposed procedure as well as the reference solutions. As illustrated in Fig. 7, the results from 364 

the two schemes are in good agreement, including the attenuation areas where the standard deviation is 365 

subject to intense fluctuations. For an insightful comparison, a magnified local view of the standard 366 

deviation shown in Fig. 7(b) is provided in Fig. 8. It is worth mentioning that only order 3 for both the 367 

PCE and Chebyshev approximation is used. It can be seen that the bounds of the expectation obtained 368 

from the proposed method accord with the reference solution ranges. The standard deviation bounds of 369 

the response from the hybrid procedure enclose the reference solution range and only trivial differences 370 
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are observed, which may be introduced by the wrapping effect.  371 

 372 

  373 

Fig. 7. Transient response of the rotor with interval unbalance and random viscous damping (Case 3): (solid lines- 374 

response bounds; grey area-reference solution ranges) (a) interval expectation and (b) interval standard deviation.  375 

 376 

 377 

Fig. 8. Local view of the standard deviation comparison between the hybrid procedure and reference solution.  378 

 379 

 In Case 4, we deal with two interval parameters and two random parameters, i.e. the interval unbalance 380 

and interval stiffness of support K2, and the random damping and Young’s modulus C, E. In fact, the 381 

stiffness of a support or bearing can be difficult to accurately define or measure and it is often being 382 

adjusted to satisfy the design requirements. Many researchers chose to treat the stiffness of bearings as 383 

uncertain variables in their investigations [24, 25, 53]. Ma et al. [33] pointed out that the supporting 384 

stiffness in a rotor system can be composed of different parts and it is influenced by many factors such 385 

as temperature and loads. Then, they considered the stiffness of supports as uncertain parameters. Due 386 

to limited prior information in engineering, it is better to describe them as interval quantities. The 387 

material properties of the elastic shaft are then modeled as random variables. For this complex problem 388 

(a) (b) 
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with multiple different kinds of uncertainties, the simulation results are given in Fig. 9 using an order 4 389 

in the PCE and interval method. From Fig. 9, the uncertain response bounds have different features 390 

compared with Case 3. The fluctuations in the attenuation zone are less significant and the upper bounds 391 

have flat-peak bands [33, 54], which is an indication of the influences of uncertainties on the natural 392 

frequency of the rotor system. To further demonstrate its effectiveness in dynamic problems with more 393 

uncertain parameters, a large number of uncertainties are included for Case 5 where there are three 394 

interval quantities and three random uncertainties. The specific uncertain physical parameters 395 

considered and the variabilities of these uncertainties can be found in Table 1. Figure 10 shows the first 396 

two interval statistical moments of the transient response of the rotor system for Case 5. The results 397 

combine the characteristics of the previous cases and illustrate the behaviors of the rotor under large 398 

number of uncertain parameters. We can observe from Fig. 10 that the possible ranges for the statistical 399 

of moments are wider compared with the former cases. The standard deviation range in Fig. 10(b) 400 

suggests that the deviation ability of the response far from the resonance region is very low and its peak 401 

is observed also at the resonance point. There are minor oscillations in the lower bounds of the standard 402 

deviation in the attenuation area, which can be eliminated by increasing the expansion orders.  403 

It is worth pointing out that the results for the MCS with samples fewer than 1000 are not reliable 404 

because of the poor convergence rate. The number of samples for interval parameters also grow in 405 

power basis with dimension. Therefore, simulations for Case 4 and 5, which involve large number of 406 

uncertainties, may be nearly impossible for the reference sampling methods because of the underlying 407 

prohibitive computational demand. The perturbation method will not be applicable here as large range 408 

uncertainty is present. In derivative-based methods such as the Taylor method or the Legendre method 409 

[55], it is hard to extend to high orders due to the difficulties in derivation or the symbolic computation 410 

will be very time-consuming. Moreover, they are all intrusive methods which are difficult to implement. 411 

To provide comparisons with other established non-intrusive methods, the CIF [31] coupled with the 412 

PCE is utilized as another framework for Case 5 with multiple uncertainties. The CIF is vastly used 413 

recently in the UQ of different fields of dynamics and can provide results with acceptable 414 

overestimations. Moreover, the PCE is still used for this alternative frame due to its popularity in 415 

stochastic computations. The relative differences of the results obtained from the proposed model and 416 

the CIF-PCE are plotted in Fig. 11 with respect to the upper and lower bounds of responses. It can be 417 

seen that the two solutions are in agreement and only minor discrepancies are noticed as demonstrated 418 

in the magnitudes of differences in Fig. 11. Most of differences occurred in the attenuation area where 419 

fluctuations are heavy. It should be noted that no strategies aimed at reducing the computation burden 420 

are incorporated in the CIF-PCE. Therefore, the CPU time needed for this six-dimensional uncertain 421 

problem can be a considerable amount. A desktop with Intel Core i7-4770@3.4GHz and RAM 16.0GB 422 

is used for the calculation. The average CPU time elapsed to complete the task is 15308.65 s for the 423 

proposed analysis model and 56938.82 s for the CIF-PCE. Based on the above comparative analysis, it 424 

is clear that the proposed model has obvious advantage in efficiency and has equivalent accuracy as the 425 

CIF-PCE computation framework.  426 
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  427 

Fig. 9. Transient response of the rotor with two interval uncertainties and two random uncertainties (Case 4): (a) 428 

interval expectation and (b) interval standard deviation.  429 

 430 

  431 

Fig. 10. Transient response of the rotor with three interval uncertainties and three random uncertainties (Case 5): 432 

(a) interval expectation and (b) interval standard deviation.  433 

 434 

  435 

Fig. 11. Difference of the results obtained from two hybrid uncertainty analysis methods (Case 5): (a) expectation 436 

and (b) standard deviation.  437 

 438 

(a) (b) 

(a) (b) 

(a) (b) 
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5. Conclusions 439 

The interval statistical moments of the transient vibration responses of a hollow overhung rotor system 440 

are studied considering both random and interval parameters via a non-intrusive uncertainty propagation 441 

scheme, which combines the Polynomial Chaos Expansion and the Chebyshev surrogate method. It has 442 

shown its effectiveness in problems with hybrid uncertainties or either type of them. The accuracy of 443 

the method are demonstrated by the reference solutions derived from the Monte Carlo simulation in 444 

conjunction with the scanning method and other hybrid procedures. Simulations with a large number of 445 

uncertain parameters have been carried out. The numerical results indicate that the transient responses 446 

of the rotor is affected by the hybrid parametric uncertainties and it is more reasonable to take them into 447 

consideration in the design and dynamic analysis of such systems. In the meantime, response analysis 448 

of the individual uncertain parameters will help to evaluate their sensitivities and those with higher ones 449 

should be prioritized in design and optimizations. The approach developed in this study can also be 450 

adapted to other dynamic problems with hybrid uncertainties conveniently due to the fact that no 451 

modifications should be made to the well-established solution process.  452 
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