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Abstract: In the hydrodynamic lubricated journal bearing system, the surface roughness and angular 

misalignment are two critical factors that affect bearing’s performance. In this paper, the coupled 

effects of different non-Gaussian properties and misalignments are investigated on the performance of 

journal bearings. Christensen’s stochastic model is extended by improving the probability density 

function of random roughness heights, which incorporates the Gram-Charlier expansion including 

skewness and kurtosis. In comparison with a Gaussian surface, the non-Gaussian rough surface has 

more significant influence on the bearing static performance. The negative skewness and large kurtosis 

increase the load capacity and decrease the friction coefficient. According to the simulations and 

experiments, non-Gaussian properties have more impact on the performance than misalignment when 

the journal bearing is operated in hydrodynamic lubrication regime based on different pressure 

distributions and vibration responses. These novel findings provide the basis for monitoring the 

conditions of hydrodynamic journal bearings. 

Keywords: Journal bearing, non-Gaussian rough surface, misalignment, performance.  

                                                 
† Corresponding author. 

 E-mail address: majiaojiaos@163.com (Jiaojiao Ma); z_shi@hebut.edu.cn (Zhanqun Shi) 

mailto:majiaojiaos@163.com
mailto:z_shi@hebut.edu.cn


2 

 

1. Introduction  

Hydrodynamic lubricated journal bearings are commonly used to undertake the heavy external load 

or high rotary speed in rotating machinery, such as pumps, engines, compressors, turbines, fans, etc. 

In some cases, the magnetic fluid is employed as the active lubricant to improve the performance of 

the relative sliding surfaces [1, 2]. Lubricants present in the gap between the journal and bearing to 

reduce friction and noise. The journal inside bearing drives the lubricant and form fluid film to separate 

the relative sliding surfaces and balance the external loads [3-6]. It is ideal that the journal works in 

bearing with their centre lines parallel. In fact, the angular misalignment of journal is hardly ruled out 

for the oil film thickness in a micro-level. The misalignment can be caused by many factors, e.g., 

asymmetrical loading, elastic deformation of shaft, thermal distortion of shaft, manufacturing and 

installation errors and so on [7, 8]. This leads to the decrease of minimum film thickness and even to 

asperity contact on the relative sliding surfaces and consequently increased frictional wear. Hence, it 

is critical to study the effects of misalignment on the performance of journal bearings. 

Many researchers have analysed the journal misalignment influence on the static and dynamic 

characteristics of bearings. MaKee and McKee [9] firstly noticed that the noncentral loads lead to a 

change of the peak pressure in same direction based on experiment. Dubois et al. [10] investigated the 

misalignment leading to the peak pressure increase and concluded that the peak pressure was also 

related to the bearing clearance and length-to-diameter ratios. Pinkus and Bupara [11] derived the 

equation of film thickness considering the misaligned influence on a grooved journal bearing and 

compared the features of bearing, which were caused by the various misalignment in magnitude and 

direction. Buckholz and Lin [12] discussed the change of load-carrying capacity and the boundary 

condition of cavitation caused by misalignment in journal bearing lubricated by non-Newtonian fluid. 

Vijayaraghavan and Keith [13,14] analysed the effects of thermohydrodynamic and then considering 

cavitation and starvation on a misaligned journal bearing. Sun and Gui [15] derived the expression of 

oil film thickness combined with the effect of journal misalignment, which was resulted from the 

journal deformation under external loads. Lv and Jiao [16] presented the misalignment in vertical 

direction and discussed the change of friction coefficient with varying rotating speeds including the 

effect of turbulent under the same external loads. In addition, many researchers have investigated that 
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the angular misalignment of journal led to the deterioration of bearing performance [17-21].  

Generally, the discussion of static or dynamic characteristics of a misaligned journal was completed 

based on the premise of journal and bearing owing to smooth surfaces. It is well known that the change 

of bearing performance is caused by factors that will result in the alteration of oil film thickness. The 

value of surface roughness in practice is on the same order with the oil film thickness. Therefore, the 

surface roughness should not be overlooked as one of critical parameters varying the actual gap 

between journal and bearing, particularly with a misaligned journal. Abdel-Latif and Mokhtar [22] 

concluded that the hydrodynamic performance of full finite journal bearing was affected by both 

journal misalignment and surface roughness. Guha [23] addressed the influence of isotropic surface 

roughness on the static performance of misaligned journal bearing based on the Christensen’s model. 

Sharma et al. [24] studied the combined effect of rough surface and misalignment in the performance 

analysis of hole-entry hybrid journal bearings based on the average Reynolds equation. Sun and Deng 

et al. [25] found that the effects of oil viscosity-pressure relationship and surface roughness were 

obvious as the misaligned journal worked at a high eccentricity ratio and concluded the thermal 

influence remarkable with the large misalignment angle. Subsequently, they [26] added the effects of 

elastic deformations on the hydrodynamic performance of misaligned journal bearing. Recently, Zhu 

and Sun et al. [27] showed that the maximum pressure, load capacity and misalignment moment 

increase as the surface roughness and misalignment angle increase.  

As mentioned above, the pattern of rough surface was assumed to follow the Gaussian distribution. 

Practically, the machined surfaces by different manufacturing processes, i.e., turning, grinding, drilling, 

shaping and electrolytic machining, which also included wear effects, exhibit a non-Gaussian rough 

surface and the distribution of surface roughness heights is stochastic [28-31]. To accurately describe 

it, skewness and kurtosis of surface roughness parameters should be considered. In literature, the non-

Gaussian surface generally was applied in the contact analysis [32-37]. In hydrodynamic lubrication 

regime, Li and Zhang et al. [38] extended the stochastic methods of Christensen to analyse the non-

Gaussian properties effects and investigated the static performance of slider bearing changes with 

skewness and kurtosis varied. Wang and Liu [39] revealed the fluid load capability of water lubricated 

tittle thrust pad bearing not only affected by the standard deviation of the surface roughness but also 

by skewness and kurtosis. Clearly, the non-Gaussian rough surface effects cannot be ignored in gaining 
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a more realistic understanding of bearing’s behaviours. 

However, the research with respect to the combined influences of the non-Gaussian rough surface 

and misalignment on the bearing performance is not available until now. The present paper is devoted 

to investigating the performance of the misaligned journal bearing with various surfaces patterns 

according to the alteration of skewness and kurtosis. The oil film thickness is firstly introduced based 

on the journal misalignment and then the random heights of surface roughness is added. In addition, 

according to Christensen’s stochastic methods [40], Reynolds equation is further extended by 

introducing the Gram-Charlier expression, which is utilized to approximate the Probability Density 

Function (PDF) of the random roughness heights including the skewness and kurtosis of the rough 

surface. Then, the static characteristics of misaligned journal bearings in terms of the maximum 

pressure, fluid load capacity, friction coefficient, end leakage flow-rate and misaligned moment are 

evaluated with the influence of non-Gaussian surfaces. Finally, the validation experiments are carried 

out to verify the effectiveness of the improved model. 

2. Modelling  

2.1 Non-Gaussian and misalignment model of journal bearings 

The cylindrical plain journal bearing with the misalignment caused by the shaft deformation under 

external load W is shown in Fig. 1(a). For the smooth surfaces, the approach in Ref. [13] is utilized to 

describe the oil film thickness considering the journal misalignment as follows  

ℎ𝑟 =  𝑐 + 𝑒0 cos(𝛷 − 𝛷0) + (𝑧 −
𝑙

2
)tan𝛽cos (𝛷 − 𝛷0 − 𝛼)                                                         (1) 

where 𝑐 is the radial clearance between the journal and bearing. 𝑒0 and 𝛷0 denote the eccentricity and 

attitude angle at the axial mid-plane of the bearing. 𝛼 means the angle between the journal rear centre-

line projection and eccentricity vector. 𝑧 denotes the axial coordinate. 𝛽 is the misalignment angle, 

which can be calculated by 𝛽 = arctan (𝑒′/𝑙). Here, 𝑒′ is the length of the projection of the misaligned 

centre-line on the end-plane of bearing. 𝑙 denotes the bearing width. 

Considering the rough surfaces of the journal and bearing, the local oil film thickness is defined by 

ℎ = ℎ𝑟 + 𝛿𝐽 + 𝛿𝐵                                                                                                                                      (2) 

where 𝛿𝐽 and 𝛿𝐵 are the roughness amplitudes of journal and bearing surfaces as shown in Fig. 1(b).  
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In order to simplify the calculation, asperity heights on the surfaces of journal and bearing are 

defined by a variable 𝛿 . Hence, the nominal roughness height is 𝛿 = 𝛿𝐽 + 𝛿𝐵 , and the standard 

deviation of the roughness height is 𝜎 = √𝜎𝐽
2 + 𝜎𝐵

2 .  

Submitting the dimensionless parameters  

휀0 =
𝑒0

𝑐
, 휁 =

𝑧

𝑐
−

𝑙

2𝑐
, 𝐻𝑟 =

ℎ𝑟

𝑐
, Δ =  

𝛿

𝑐
                                                                              

into Eq. (2), then the dimensionless oil film thickness can be obtained by  

𝐻 = 𝐻𝑟 + Δ = 1 + 휀0 cos(𝛷 − 𝛷0) + 휁tan𝛽 cos(𝛷 − 𝛷0 − 𝛼) + Δ                                          (3) 
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Fig. 1. Geometry of a misaligned journal bearing with different surface roughness patterns. 

According to the various types of rough surface patterns, the dimensionless Reynolds-type equation, 
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including the one-dimensional roughness in longitudinal direction [37] as shown in Fig. 1(b), is 

defined in polar coordinates as  

𝜕

𝜕𝛷
[
𝜕�̅�

𝜕𝛷
𝐸(𝐻3)] +

1

𝜅

𝜕

𝜕𝑍
[
𝜕�̅�

𝜕𝑍

1

𝐸(1/𝐻3)
] = 3

𝜕

𝜕𝛷
𝐸(𝐻)                                                                     (4) 

where 𝜅 = 𝑙/𝑑. 𝜅 means the length to diameter ratio and 𝑑 is the diameter of bearing. 

The dimensionless parameters are represented by  

�̅� = �̅�
2𝜇𝛺𝑟2

𝑐2
,    𝑍 =

𝑧

𝑙/2
,   𝛷 =

𝑥

𝑟
                                                                                                       (5) 

where �̅� is the average pressure distribution of oil film. Ω denotes the rotating speed of fluid, which is 

equal to the rotating speed of the journal. 𝜇 is the fluid viscosity. 𝑟 means the radial of the bearing. 𝑧 

and 𝑥 are the axial coordinates. 

Similarly, for the pattern of surface with a transverse roughness as shown in Fig. 1(c), the stochastic 

Reynolds-type equation can be expressed by  

𝜕

𝜕𝛷
[
𝜕�̅�

𝜕𝛷

1

𝐸(1/𝐻3)
] +

1

𝜅

𝜕

𝜕𝑍
[
𝜕�̅�

𝜕𝑍
𝐸(𝐻3)] = 3

𝜕

𝜕𝛷

𝐸(1/𝐻2)

𝐸(1/𝐻3)
                                                             (6) 

where 𝐸(∗) denotes the expectancy operator, which is defined by  

𝐸(𝜩) = ∫ 𝜉𝑓(𝜉)𝑑𝜉                                                                                                                                   (7) 

and 𝑓(𝜉) denotes the PDF of the stochastic variable 𝜩, 𝜉 is a value in 𝜩. 

Generally, Christensen’s model is used to analyse the average oil film pressure on the rough surface 

where the roughness heights follow a Gaussian distribution. However, as mentioned above, the patterns 

of machined surfaces have the non-Gaussian characteristics. In addition to the standard deviation and 

surface roughness patterns, skewness and kurtosis need to be introduced to describe the practical 

surface. It is well known that the skewness and kurtosis are related to the third and fourth centre 

moments for a random variable, respectively, and can be calculated based on the PDF of the variable. 

Commonly, the PDF of a random variable 𝛬  is difficult to obtain, but it can be considered as the 

nominal density function 𝜓(𝛬) with a zero mean and unit variance [38], so the PDF of the variable 𝛬 

can be approximated as follows:  

𝑓(𝛬) = 𝑔𝑛(𝛬)𝜓(𝛬)                                                                                                                                (8) 

where 𝜓(𝛬) = 1/√2𝜋𝑒−𝛬2/2. 𝑔𝑛(𝛬) is introduced to ensure that the first moment of 𝑓(𝛬) is similar 
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to the PDF of the variable 𝛬 and can be represented by  

𝑔𝑛(𝛬) = ∑ 𝜚𝑖

𝑛

𝑖=0

𝜒𝑖(𝛬)                                                                                                                             (9) 

where 𝑛 and 𝜚𝑖 denote the number and coefficient of the function 𝜒𝑖(𝛬), which means the Hermite 

polynomials and can be expressed by 𝜒𝑖(𝛬) = (−1)𝑖𝜕𝑖𝜓/𝜕𝛬𝑖/𝜓(𝛬)2. When the number 𝑛 is set as 4 

and the mean and variance of the standardized variable 𝛬  expressed in Eq. (10) are zero and one, 

respectively, the expression of 𝑔4(𝛬) is named Gram–Charlier expansion and can be represented by 

Eq. (11). 

𝛬 =
(𝛿 − 𝛿̅)

𝜎𝛿
                                                                                                                                           (10) 

𝑔4(𝛬) = 1 +
𝛾3

3!
𝜒3(𝛬) +

𝛾4

4!
𝜒4(𝛬)                                                                                                     (11) 

Here, the three and four orders Hermite polynomials [39] are directly calculated by 𝜒3(𝛬) = 𝛬3 + 3𝛬 

and 𝜒4(𝛬) = 𝛬4 − 6𝛬2 + 3. In addition, the centre moment 𝛾𝑗 is  

𝛾𝑗 = ∫ (𝛬 − 𝛬̅)𝑗𝑓(𝛬)𝑑𝛬
+∞

−∞

                                                                                                                 (12) 

As analysed before, the variance 𝜎𝛬
2 of the variable 𝛬, namely the second centre moment, is equal 

to one. That is 𝜎𝛬
2 = 𝛾2 = ∫ (𝛬 − 𝛬̅)2𝑓(𝛬)𝑑𝛬

+∞

−∞
= 1. 

Therefore, the skewness 𝑆𝑠𝑘 and kurtosis 𝑆𝑘𝑢 as the standardized third and fourth centre moments 

can be represented by  

𝑆𝑠𝑘 =
𝛾3

𝜎𝛬
3 = ∫ (𝛬 − 𝛬̅)3𝑓(𝛬)𝑑𝛬

+∞

−∞

                                                                                                  (13) 

𝑆𝑘𝑢 =
𝛾4

𝜎𝛬
4 = ∫ (𝛬 − 𝛬̅)4𝑓(𝛬)𝑑𝛬

+∞

−∞

                                                                                                  (14) 

Submitting Eqs. (10-14) into Eq. (8), the PDF of the variable 𝛬 can be expressed as  

𝑓(𝛬) = [1 +
𝑆𝑠𝑘

6
(𝛬3 − 3𝛬) +

𝑆𝑘𝑢 − 3

24
(𝛬4 − 6𝛬2 + 3)]

1

√2𝜋
𝑒−

𝛬2

2                                           (15) 

According to Eq. (15), the result can be negative or positive by setting different 𝑆𝑆𝑘  and 𝑆𝐾𝑢 . 

However, the PDF of the roughness heights should be always positive. In order to satisfy the applicable 

conditions [38], the tuneable parameters of skewness and kurtosis should be in the range of [−1, 1] 
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and [0, 4], respectively. Consequently, for the random roughness heights 𝛿, as the mean 𝛿̅ is assumed 

to be zero to simplify the computation, the PDF with respect to the variable δ is represented by 

𝑓(𝛿) = [1 +
𝑆𝑠𝑘

6
(

𝛿3

𝜎𝛿
3 − 3

𝛿

𝜎𝛿
) +

𝑆𝑘𝑢 − 3

24
(

𝛿4

𝜎𝛿
4 − 6

𝛿2

𝜎𝛿
2 + 3)]

1

√2𝜋𝜎𝛿

𝑒

−𝛿2

2𝜎𝛿
2

                               (16) 

Then the expectancy operator 𝐸(∗)  of the dimensionless 𝛥  of the roughness heights 𝛿  on the non-

Gaussian rough surface can be rewritten by 

𝐸(𝐻𝑚) = ∫ (𝐻𝑟 + Δ𝑠)𝑚𝑓(Δ𝑠)𝑑Δ𝑠

+∞

−∞

                                                                                             (17) 

𝐸(1/𝐻𝑚) = ∫ 1/(𝐻𝑟 + Δ𝑠)𝑚𝑓(Δ𝑠)𝑑Δ𝑠

+∞

−∞

                                                                                    (18) 

According to Christensen’s methods, the stochastic Reynolds-type equations can be extended by 

introducing 𝐸(𝐻3), 𝐸(1/𝐻3), 𝐸(𝐻) and 𝐸(1/𝐻2) calculated by Eqs. (3, 16-18). In order to obtain the 

average pressure distributions, the extended Eq. (4) or (6) is discretized based on the finite difference 

method (FDM) with the mesh size of (𝑑𝛷 × 𝑑𝑍) and then the dimensionless average oil film pressure 

�̅�  is solved by using the successive over-relaxation (SOR) iterative method with the boundary 

conditions 

�̅�(𝛷, 0) = �̅�(𝛷, 2) = 0,   �̅�(0, 𝑍) = �̅�(2𝜋, 𝑍) = 0                                                                        (19) 

In the iterative processes, the pressure calculation is terminated by the convergence condition as 

follows:  

∑ ∑ |�̅�𝑖,𝑗
𝑘+1 − �̅�𝑖,𝑗

𝑘 |𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ �̅�𝑖,𝑗
𝑘𝑛

𝑗=1
𝑚
𝑖=1

≤ 1 × 10−6                                                                                                  (20) 

where 𝑚  and 𝑛  denote the grid number in circumferential and axial directions. 𝑘  is the number of 

iterations. 

2.2 Performance of journal bearing 

The oil film pressure obtained can be used to compute the performance characteristics of the journal 

bearing and consequently incorporate the effects of non-Gaussian properties on the behaviour 

discussions of the misaligned journal bearing as follows. 

The components of the dimensionless mean load capacity, in the circumferential and axial directions, 
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can be calculated by  

𝑊𝛷 = − ∫ ∫ �̅�𝑠𝑖𝑛𝛷
2𝜋

0

2

0

𝑑𝛷𝑑𝑍,     𝑊𝑧 = − ∫ ∫ �̅�𝑐𝑜𝑠𝛷
2𝜋

0

2

0

𝑑𝛷𝑑𝑍                                                (21) 

Then the total dimensionless bearing load capacity 𝑊 and the attitude angle 𝜃 are 

𝑊 = W̃
𝑐2

2𝜇Ω𝑟3
= √𝑊𝛷

2 + 𝑊𝑧
2                                                                                                           (22) 

𝜃 = arctan (
𝑊𝛷

𝑊𝑧
)                                                                                                                                   (23) 

For the longitudinal roughness patterns, the dimensionless average friction force 𝐹𝐿 on the journal 

surface is given by  

𝐹𝐿 = 𝐹�̃�

𝑐

2𝜇Ω𝑟2
= ∫ ∫ [

1

2

2𝜋

0

2

0

𝐸(𝐻)
𝜕�̅�

𝜕𝛷
+

1

2
𝐸(

1

𝐻
)]𝑑𝛷𝑑𝑍                                                             (24) 

The dimensionless average friction force 𝐹𝑇, for the transverse roughness patterns, is defined as 

𝐹𝑇 = 𝐹�̃�

𝑐

2𝜇Ω𝑟2
= ∫ ∫ {

1

2

2𝜋

0

2

0

𝐸(1/𝐻2)

𝐸(1/𝐻3)

𝜕�̅�

𝜕𝛷
+

1

2
[4𝐸 (

1

𝐻
) − 3

𝐸(1/𝐻2)

𝐸(1/𝐻3)
]}𝑑𝛷𝑑𝑍                    (25) 

where . ̃represents the dimension form, e.g. 𝐹�̃� is the dimension form of the friction force.  

The friction coefficient 𝑓 can be calculated by 

𝑓𝐿 =
𝑐

𝑟

𝐹𝐿

𝑊
,   𝑓𝑇 =

𝑐

𝑟

𝐹𝑇

𝑊
                                                                                                                          (26) 

The dimensionless end leakage flow rates 𝑄𝐿1 and 𝑄𝐿2 from the front-end plane and the rear-end 

plane, considering the one- dimensional roughness in longitudinal direction, are given by 

𝑄𝐿1 = − ∫
1

𝐸(1/𝐻3)

𝜕𝑃

𝜕𝑍

2𝜋

0

|𝑍=0𝑑𝛷 ,     𝑄𝐿2 = − ∫
1

𝐸(1/𝐻3)

𝜕𝑃

𝜕𝑍

2𝜋

0

|𝑍=2𝑑𝛷                             (27) 

The total dimensionless end leakage flow rate 𝑄𝐿 can be represented as 

𝑄𝐿 = 𝑄�̃�

6𝜅

Ω𝑐𝑟2
= |𝑄𝐿1| + |𝑄𝐿2|                                                                                                         (28) 

Similarly, for the surface roughness in transverse, the dimensionless end leakage flow rates 𝑄𝑇1 and 

𝑄𝑇2 from the front and rear end planes can be obtained as follows: 

𝑄𝑇1 = − ∫ 𝐸(𝐻3)
𝜕𝑃

𝜕𝑍

2𝜋

0

|𝑍=0𝑑𝛷 ,     𝑄𝑇2 = − ∫ 𝐸(𝐻3)
𝜕𝑃

𝜕𝑍

2𝜋

0

|𝑍=2𝑑𝛷                                      (29) 

Then the total dimensionless end leakage flow rate 𝑄𝑇 is  
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𝑄𝑇 = 𝑄�̃�

6𝜅

Ω𝑐𝑟2
= |𝑄𝑇1| + |𝑄𝑇2|                                                                                                        (30) 

The misalignment moment at steady state is mainly caused by the misaligned journal bearing, which 

leads to the change of oil film pressure distribution. Two components of the moment, in the directions 

of circumference and axis, are expressed by 

𝑀𝛷 = ∫ ∫ �̅�(𝑍 − 1)𝑐𝑜𝑠𝛷
2𝜋

0

2

0

𝑑𝛷𝑑𝑍,     𝑀𝑧 = ∫ ∫ �̅�(𝑍 − 1)𝑠𝑖𝑛𝛷
2𝜋

0

2

0

𝑑𝛷𝑑𝑍                           (31) 

The total dimensionless misaligned moment 𝑀 and is given by  

𝑀 = �̃�
2𝑐

𝜇Ω𝑟3𝑙2
= √𝑀𝛷

2 + 𝑀𝑧
2                                                                                                            (32) 

Practically, in addition to the statically normal force for the cylindrical plain journal bearing, the 

vibrations perceived in the journal bearing housing, there are abundant vibrations observed in high 

frequency range (several kHz), which is often far beyond the scope of angular frequency of the rotor. 

These high frequency vibrations have been understood due to a number of excitation mechanisms 

including the micro impulse from the solid-to-solid contact, fluid turbulences and cavitation especially 

for the case of high Reynolds number, background noise and so on [43, 44]. Among these effects, the 

high frequency vibrations mainly caused by the fluctuating force has been analysed in [45-47], which 

is resulted from the rough surface topographies of journal and bearing working in hydrodynamic 

lubrication regime. Therefore, the dynamic performance of journal bearings can be revealed by the 

vibration response and the change of oil film pressure distributions with respect to the non-Gaussian 

and misalignment of journal bearings can be verified by the various vibration response in a high 

frequency range, as discussed in Section 3.2. 

3. Results and discussion 

3.1 Numerical studies 

According to the theoretical analysis above, the cylindrical plain journal bearing is utilized to discuss 

the performance characteristics, which are affected by the dimensionless variables such as width to 

diameter 𝜅 , eccentricity ratio 휀0 , misalignment angle 𝛽 , surface roughness 𝜎 𝑐⁄  , skewness 𝑆𝑆𝑘  and 

kurtosis 𝑆𝐾𝑢. The parameters used to calculate the load capacity, friction coefficient, end leakage flow 

rate and misalignment moment has been setup as follows: 𝜅= 0.2 and 2; 휀0= 0.4, 0.6, 0.65, 0.7, 0.75 
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and 0.8; 𝛽= 0o, 0.0015o, 0.0050o and 0.0080o; 𝜎 𝑐⁄  is chosen in the range of [0, 0.06] and divided into 

10 equally spaced values; the values of 𝑆𝑆𝑘 and 𝑆𝐾𝑢, as mentioned previously, fall in the range of [-1, 

1] and [0, 4], respectively. In addition, the attitude angle 𝛷0  and 𝛼  are set as 0o and 180o in the 

following simulations. The pressure is discretised by the grids size of 41 × 41 , which acts on the 

journal bearing surface with the dimensionless area of 2 × 2𝜋. 

 

Fig. 2. Static performance of the bearing at the misalignment angle β=0.00150 and various eccentricity ratios: 

(a) load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 

As the width to diameter 𝜅 is 0.2, which is usually called a narrow bearing, the static performances 

of the bearing have been shown in Fig. 2-Fig. 5. The effect of the increasing eccentricity ratio on the 

static performance of the journal bearing can be investigated in Fig. 2. Three types surface patterns are 

utilized to represent the smooth (σ/c= 0), Gaussian (𝑆𝑆𝑘= 0, 𝑆𝐾𝑢= 3) and non-Gaussian surfaces (𝑆𝑆𝑘= 

-0.8, 𝑆𝐾𝑢 = 4), respectively. The misalignment angle of journal is 0.0015o, which is caused by the 
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deformation of shaft under the external load. The red and black lines demonstrate the results computed 

by the extended Reynolds-type equation with the transvers and longitudinal roughness for different 

𝑆𝑆𝑘  and 𝑆𝐾𝑢 . The load capacity 𝑊  is calculated by Eqs. (21-22) based on the composite Simpson 

integral method and the 𝑊 increases as the eccentricity ratio rises as shown in Fig. 2(a). In comparison 

with the smooth surface, the load capacity on the rough surfaces increases faster, particularly at a 

higher eccentricity ratio 휀0. It is because that the increasing 휀0 leads to decrease in the film thickness 

and consequently increase in pressure. For the surfaces with a transverse roughness, the load capacity 

𝑊 obtained from the Gaussian rough surface is lower than that from the non-Gaussian surface as the 

휀0 increases. The maximum difference of 𝑊 is up to 12.53% at 휀0=0.8. For the longitudinal roughness, 

compared with the non-Gaussian surface, the amplitude of 𝑊  obtained by the Gaussian surface 

changes from larger to smaller near the 휀0=0.72 and the maximum difference is about 8% at 휀0=0.8. 

In addition, when the 𝜅 is small, the change of pressure in the axial orientation is larger than that in 

circumferential orientation, so the effect of the rough surface with a longitudinal roughness is greater 

than that with a transverse roughness. The conclusion also applies to the following analysis of the load 

capacity. Variations of the friction coefficient 𝑓 with respect to the increasing 휀0 has been shown in 

Fig. 2(b) for different surface patterns. The 𝑓 decreases with the increasing 휀0 and drops on the smooth, 

Gaussian and non-Gaussian surfaces in turn, but the difference between them is not obvious. Fig. 2(c) 

reflects the variation of the end leakage flow rate 𝑄 related to the 휀0 for different surface patterns. For 

each type of the surface patterns, the value of 𝑄 rises as the 휀0 increases. It is noted that the 𝑄𝐿 from 

the Gaussian surface is greater than that from the non-Gaussian surface. However, the change ratio of 

𝑄𝐿 from the latter is significant for the 휀0. Such effect is not obvious for 𝑄𝑇. The misalignment moment 

𝑀  increases with the increasing 휀0  for all surface patterns, particularly the 𝑀𝐿  for a non-Gaussian 

longitudinal roughness as demonstrated in Fig. 2(d). 
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Fig. 3. Surface roughness effects on the steady-state performance of the journal bearing at β=0.00150 and 

휀0=0.75: (a) load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 

To satisfy the journal bearing working in the hydrodynamic lubrication regime, the dimensionless 

roughness is setup in the range from 0 to 0.06. The misalignment angle is set as 0.00150 and eccentricity 

ratio is 0.75. Fig. 3 shows the effects of the surface roughness on the steady-state performance 

characteristics of the journal bearings for the different skewness and kurtosis. The blue lines represent 

the results from the Gaussian rough surface, which is used to compare with that from the non-Gaussian 

surfaces. Variation of the 𝑊 with respect to the increasing roughness for different surface patterns is 

plotted in Fig. 3(a). According to the reason analysed above, the amplitude of the 𝑊  from the 

longitudinal roughness is higher than that from the transverse roughness. With the increasing value of 

σ/c, the load capacity increases for all types of rough surfaces except for the transverse roughness with 

𝑆𝑆𝑘= 0 and 𝑆𝐾𝑢= 0. When the skewness is zero, the skewness effects can be ignored as the number of 
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asperities on the rough surface is nearly equal to that of valleys. However, as the kurtosis is less than 

3, the high asperities and low valleys are relatively few on the rough surface resulting in the slight 

change in the oil film thickness, which in turn leads to the small change in the load capacity. The 

similar variation of the misalignment moment is represented in Fig. 3(d). Fig. 3(b) shows that the 

increasing roughness reduces the friction coefficient. In addition, the friction coefficient working on 

the non-Gaussian surface is lower compared with the Gaussian surface for the increasing surface 

roughness. The end leakage flow rate 𝑄  related to the increasing σ/c  for different surface patterns 

increases as investigated in Fig. 3(c). 

 

Fig. 4. Skewness effects on the journal bearing static performance characteristics in the eccentricity ratio 

휀0=0.75 (a) load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 
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Fig. 5. Kurtosis effects on the bearing static performance at 휀0= 0.75 with the different misalignment angles: 

(a) load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 

Fig. 4 represents the influence of the skewness on the static performance of hydrodynamic journal 

bearing with the misalignment angle of 0.0015o and 0.0050o. The dimensionless surface roughness is 

set as σ/c= 0.06 and the kurtosis is 3. In addition, the aligned journal is introduced to compare the 

steady-state performance with the misaligned journal for the various skewness as the blue lines plotted 

in each of the subgraphs. The load capacity decreases with the skewness ranging from -1 to 1 for the 

different misalignment angles as investigated in Fig. 4(a). Clearly, comparison with the aligned journal, 

the variation of the 𝑊  is not obvious at the misalignment angle of 0.0015o. However, as the 

misalignment angle is 0.0050o, the maximum difference is about 5.52% at the 𝑆𝑆𝐾 = -1, which 

demonstrates that the effect of the non-Gaussian rough surface is significant at a large misalignment. 

The change in the friction coefficient is an inverse trend of the load capacity as shown in Fig. 4(b) and 
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about 4.19% difference between the misaligned angles of 0.0050o and 0o at 𝑆𝑆𝐾= -1. The end leakage 

flow rate and misalignment moment decrease with the increasing skewness for the misaligned journal, 

as shown in Fig. 4(c) and (d). Similarly, the maximum difference compared with the aligned journal 

appears at 𝑆𝑆𝐾= -1 with a larger misalignment angle of 0.0050o. For these results, it can be explained 

that the rough surface with a negative skewness leads to the oil film thickness decrease and 

consequently result in the oil film pressure increasing. 

Fig. 5 depicts the effect of the kurtosis 𝑆𝐾𝑢 on the static performance of the journal bearing for 

different misalignment angles at the eccentricity ratio of 0.75 and the dimensionless roughness of 0.06. 

The load capacity with respect to the increasing 𝑆𝐾𝑢 is in decline for different misalignment angles as 

shown in Fig. 5(a). However, the change of the 𝑊 for the transverse roughness raises linearly with the 

increasing kurtosis, particularly at the misalignment angle of 0.0050o. The influence of 𝑆𝐾𝑢 on the 

friction coefficient 𝑓  is demonstrated in Fig. 5(b). The increased 𝑆𝐾𝑢  results the dropped 𝑓  for the 

longitudinal roughness patterns, but the raised 𝑓  for the transverse roughness patterns. Fig. 5(c) 

represents that the end leakage flow rate decreases as the value of 𝑆𝐾𝑢 increases. However, the change 

is not obvious between the different misaligned angles. With the increasing misalignment angle, the 

misalignment moment 𝑀 increases as investigated in Fig. 5(d), but it has little impact on the 𝑀 with 

the various 𝑆𝐾𝑢. 

As the width to diameter 𝜅 is 2, usually called a long bearing, the results of the load capacity, friction 

coefficient, end leakage flow rate and misalignment moment of the journal bearing have been shown 

in Fig. 6 -Fig. 9. The change of the static performances of the journal bearing with respect to the 

various 휀0 for the transverse roughness pattern is still greater than that for the longitudinal roughness 

pattern as investigated in Fig. 6(a), (b), (c) and (d). The dimensionless surface roughness is set as 

σ/c = 0.06 and the misalignment angle 0.0015o. With the 휀0 increasing from 0.4 to 0.8, the values of 

the 𝑊, 𝑄 and 𝑀 increase, but the value of the 𝑓 decreases. In addition, the non-Gaussian rough surface 

results a larger load capacity compared with the Gaussian surface as the value of 휀0 is over 0.6 for the 

misaligned journal bearing. The maximum difference is about 17.84% at 휀0= 0.8 for the transverse 

roughness pattern. The variation of the misalignment moment 𝑀 is similar to the load capacity and the 

maximum difference is 19.81%. 
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Fig. 6. Static performance of the bearing with the β=0.00150 and σ/c = 0.06 at various eccentricity ratios: (a) 

load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 

Fig. 7 demonstrates the effect of the dimensionless roughness σ/c on the static performance of the 

misaligned journal bearing for the different surface patterns with the same misalignment angle and 

eccentricity ratio. The load capacity 𝑊, end leakage flow rate 𝑄 and misalignment moment 𝑀 rise 

with respect to the increased σ/c. However, the change is reverse for the friction coefficient 𝑓. When 

the value of σ/c is less than 0.0467, the effect of the kurtosis is significant for the 𝑊. However, the 

negative skewness mainly affects the load capacity when the σ/c is over 0.0467, as illustrated in Fig. 

7(a). The kurtosis is critical to the rise of the end leakage flow rate compared with the various skewness 

with the increased σ/c as demonstrated in Fig. 7(c). As mentioned above, the misalignment moment 

is calculated based on the pressure, which is similar to the load capacity change, so that the increase 

of 𝑀 is significant with the negative skewness 𝑆𝑆𝑘= -0.8 as shown in Fig. 7(d).  

In order to analyse the skewness effects on the static performance of the long journal bearing, the 
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eccentricity ratio is set as 0.75 and the kurtosis 3, the results are shown in Fig. 8. With the increased 

skewness for the different misalignment angles, the 𝑊, 𝑄 and 𝑀 decrease as represented in Fig. 8(a), 

(c) and (d), but for the 𝑓, it increases with the raising skewness, as shown in Fig. 8(b). In addition, the 

effect of the skewness is more obvious at the misalignment angle of 0.0050o compared with the 

misalignment angles of 0o and 0.0015o for the load capacity and the misalignment moment. However, 

for the friction coefficient and end leakage flow rate, the variation is not visible between different 

misalignment angles. 

 

Fig. 7. Surface roughness effects on the steady-state performance of the bearing at β=0.00150 and 휀0=0.75: (a) 

load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 
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Fig. 8. Skewness effects on the bearing static performance at the 휀0= 0.75 with different misalignment angles: 

(a) load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 

Fig. 9 illustrates the kurtosis effects in the analysis of bearing static performances for the different 

misalignment angles with the same skewness 𝑆𝑆𝑘= 0 and eccentricity 휀0= 0.75. The load capacity 𝑊 

and misalignment moment 𝑀 rise with the increase in the kurtosis, especially with the misalignment 

angle of 0.0050o as shown in Fig. 9(a) and (d). Inversely, the falling friction coefficient is plotted in 

Fig. 9(b) for the increasing kurtosis. Fig. 9(c) depicts that the end leakage flow rate 𝑄  drops 

dramatically as the kurtosis increases, but there is no obvious difference between the different 

misalignment angles. The reason may be that the pressure gradient in axial direction is small for a long 

bearing which is in turn the slight change in the end leakage flow rate based on the Eqs. (27, 29). 
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Fig. 9. Kurtosis effects on the static performance of the bearing at 휀0= 0.75 with the different misalignment 

angles: (a) load capacity (b) friction force (c) end leakage flow rate and (d) misalignment moment. 

3.2 Experimental analysis 

To understand intuitively the effects of the skewness and kurtosis on the dynamic performance of the 

misaligned journal bearing, it is crucial to evaluate the relationship between the surface roughness 

parameters and local pressure distributions. Therefore, the relative simulations and experiments are 

analyzed as following.  

According to numerical studies, the pressure distributions of oil film under different conditions are 

investigated in Fig. 10 and the maximum dimensionless pressure is noted in the figure. The eccentricity 

ratio for the analysis is set as 0.75 and the width to diameter is 2.14. Fig. 10(a) depicts the pressure 

distribution of the oil film with an aligned journal and smooth surface. The distribution of pressure is 

symmetric along the z axis and the maximum dimensionless pressure is 𝑃𝑚𝑎𝑥= 0.8820. The journal 

with a misalignment angle of 0.008o is utilized to analyse the pressure distribution is shown in Fig. 

10(c). The distribution of pressure in z axial is asymmetric and the maximum dimensionless pressures 
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is 1.0236, which is higher than that in Fig. 10(a). Comparison with Fig. 10(b) and (d), the distributions 

of oil film pressure are simulated with the same misalignment angle of 0.0015o and the dimensionless 

roughness of 0.006. The asymmetric distribution of pressure is mainly caused by the misalignment, 

but the change of the  �̅�𝑚𝑎𝑥  is resulted from the variation of rough surface patterns. It can be concluded 

that the non-Gaussian rough surface leads to a more local pressure caused by the local lubricant film 

thickness decreases. In addition, the effect of skewness and kurtosis exceeds that of the misalignment 

by comparing Fig. 10(c) and (d). The non-Gaussian rough surface with a lower misalignment angle 

leads to the maximum pressure increase about 36.8%. 

The journal bearing test rig is developed to carry out the relative experiments to verify the effects 

of non-Gaussian properties and misalignments on the oil film local pressure distributions. The surface 

topographies of self-aligning journal bearings (SA35M, 𝑑=35 mm, 𝑙=75 mm) are measured by the 

Alicona Infinite Focus microscope and then installed on the test rig respectively, as shown in Fig. 11. 

For the long journal bearing (𝜅 = 𝑙/𝑑= 2.14), the following experiments are operated at a constant 

speed of 900 rpm controlled by the AC motor. The various external radial loads (3 bar = 0.3 MPa, 9 

bar = 0.9 MPa and 12 bar = 1.2 MPa) are applied on the rotating shaft by the hydraulic device to obtain 

the varying misaligned angles, which can be defined by 𝛽 = 𝑊𝐿2 16𝐸𝐽⁄ . Here, 𝐿, 𝐸 and 𝐽 denote the 

length, modulus of elasticity and inertial moment of cross-section of the rotating shaft, respectively. 

To illustrate the lubrication regimes of the journal bearing operation, Hersey number is introduced by 

the formulas 𝐻𝑒 = 𝜇𝛺𝑅 𝑃⁄ , where P is the unite load and ρ is the density of the lubricant HV32. For 

the different operating conditions, the calculated result of the Hersey number is 𝐻𝑒 ≥  2.0556 × 10−7 

m. Therefore, the tested journal bearing can be considered to operate in the hydrodynamic lubricant 

regime. Meanwhile, the accelerometers with a wide frequency response up to 10 kHz are used to obtain 

the vibration signals from the journal bearing housing with a sampling rate of 96 kHz. 

The spectral response of the vibration with respect to the healthy and scratched surfaces of journal 

bearings has been plotted in Fig. 12(a) and (b), which are operated at different radial loads. Figure 

12(a) investigates that a greater misaligned angle results in the raising amplitude of vibration response 

in the range of 3.8 kHz to 4.5 kHz and the similar change for the slightly scratched journal bearing is 

shown in Fig. 12(b). Refer to [40], the oil film pressure perturbation in the hydrodynamic lubrication 

regime is mainly caused by the fluid-asperity interaction and leads to the resonant response in a wide 
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and high frequency band. The more misalignment leads to the local oil film pressure increases and 

consequently in turn results in a greater amplitude of the resonant vibration. In addition, the spectral 

distribution is different when the surface roughness is almost the same but other surface roughness 

parameters are different. Therefore, the non-Gaussian properties should be considered, particularly for 

monitoring the early fault of the bearing surface. Generally, when the misaligned angle is larger, the 

local oil film pressure is higher, which leads to the strong fluctuating pressure. Practically, according 

to Fig. 12(c), the amplitude of vibration responses from the healthy bearing with a larger misaligned 

journal (load 12 bar), is clearly greater than that from the scratched bearing with a lower load 3 bar. 

Therefore, in comparison with the misalignment impact, the non-Gaussian properties play a main role 

in changing vibration response amplitudes. Moreover, in comparison with the misalignment impact, 

the non-Gaussian properties play the critical roles on the change of the vibration response amplitude 

as shown in Fig. 12(c). These trends of tested results are consistent with the oil film pressure simulated 

by the derived theoretical model. 

 

Fig. 10. Oil film pressure at different conditions: (a) 𝛽 = 0o and 𝜎 = 0 (b) 𝛽 = 0.0015𝑜, 𝜎/𝑐 = 0.06, 𝑆𝑆𝑘 = 0 

and 𝑆𝐾𝑢 = 3 (c) 𝛽 = 0.008𝑜 and 𝜎 = 0 (d) 𝛽 = 0.0015𝑜, 𝜎/𝑐 = 0.06, 𝑆𝑆𝑘 = −0.8 and 𝑆𝐾𝑢 = 4. 
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Fig. 11. Journal bearing test rig. 

 

Fig. 12. Spectra distributions of vibration response from the journal bearing housing with a constant rotating 

speed of 900 rpm and different surface topographies: (a) a healthy surface ( 𝑆𝑎 = 0.65 𝜇𝑚, 𝑆𝑆𝑘 = 0.086 and 

𝑆𝐾𝑢 = 2.68), (b) scratched surface ( 𝑆𝑎 = 0.60 𝜇𝑚, 𝑆𝑆𝑘 = −0.491 and 𝑆𝐾𝑢 = 3.996), and (c) load 12 bar for 

the healthy bearing and load 3 bar for the scratched bearing. 
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4. Conclusion 

In this study, the stochastic Reynolds-type equation is extended by introducing the Gram-Charlier 

expansion to incorporate the skewness and kurtosis effects in the analysis of the load capacity, friction 

coefficient, end leakage flow rate and misalignment moment of the misaligned journal bearing working 

in hydrodynamic lubrication regime. According to the above comparisons of variables such as 휀0, σ/c, 

𝑆𝑆𝑘  and 𝑆𝐾𝑢  for the different width to diameter ratios 𝜅  and misalignment angles 𝛽 , several 

conclusions can be drawn as follows: 

(1) Compared with the Gaussian rough surface, the non-Gaussian aspect of the rough surface 

increases the load capacity about 12.53%, 17.42% and decreases the friction coefficient about 8.96%, 

13.36% for κ= 0.2 and κ= 2 at the eccentricity ratio 휀0=0.8. 

(2) For a short journal bearing, the roughness in longitudinal orientation significantly affects the 

static performance of the misaligned journal bearing, whereas for a long journal bearing, the influence 

of transverse roughness on the misaligned journal bearing performance is obvious.  

(3) The negative skewness mainly rises the load capacity of the misaligned journal bearing, 

particularly at 𝛽= 0.0050o, and the increasing kurtosis decreases the end leakage flow rate. 

(4) The effects of non-Gaussian rough surface on the performance of journal bearings are far greater 

than that misalignment verified by the simulations and experiments.  
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Nomenclature 

𝑐  radial clearance  

𝑒0  eccentricity at the axial mid-plane of the bearing 

𝛷0  attitude angle at the axial mid-plane of the bearing 

𝑙   bearing width 

𝑑  diameter of bearing 

𝑟  radial of the bearing 

𝜅  length to diameter ratio 
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𝑧, 𝑥  axial coordinates 

𝛽  misalignment angle 

ℎ  local oil film thickness 

ℎ𝑟  oil film thickness considering the journal misalignment 

𝛿𝐽  roughness amplitudes of journal surface  

𝛿𝐵  roughness amplitudes of bearing surfaces 

𝛿  nominal roughness height  

𝜎  standard deviation of the roughness height  

𝐻  dimensionless local oil film thickness 

𝐻𝑟  dimensionless oil film thickness considering the journal misalignment 

휀0  dimensionless eccentricity 

Δ  dimensionless nominal roughness height  

�̅�   dimensionless average pressure distribution of oil film 

Ω   rotating speed of fluid 

𝜇  fluid viscosity 

𝐸(∗)  expectancy operator 

𝑓(∗)  PDF of the stochastic variable 

𝜓(∗)  nominal density function  

𝜒𝑖  Hermite polynomials 

𝛾𝑗  centre moment  

𝛬  standardized variable  

𝑆𝑠𝑘  skewness, standardized third centre moments of a random variable 

𝑆𝑘𝑢  kurtosis, standardized fourth centre moments of a random variable 

𝑊  dimensionless bearing load capacity  

𝑓𝐿  dimensionless average friction coefficient for longitudinal roughness 

𝑓𝑇  dimensionless average friction coefficient for transverse roughness 

𝑄𝐿  dimensionless end leakage flow rate for longitudinal roughness 

𝑄𝑇  dimensionless end leakage flow rate for transverse roughness 

𝑀  dimensionless misaligned moment 
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