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ABSTRACT  

The dynamic analysis of railway vehicles requires an accurate representation of the vehicle, 

the track geometry and structure, and their interaction. Generally, flexible track models with 

curved geometries represent the rails with straight beam elements, which results in a piecewise 

linear representation of the rails. Consequently, the wheel-rail contact mechanics are not 

properly captured, and the wheel-rail contact forces present spurious high-frequency 

oscillations. This work proposes a novel approach to model flexible railway tracks with 

arbitrary geometries, in which the correct geometry in the wheel-rail contact mechanics is 

assured by modeling the rails as Timoshenko curved beam elements. This approach improves 

both the geometric representation of the rails and the accuracy of the wheel-rail contact forces 

calculation. A realistic operation scenario in which a multibody model of a railway vehicle 
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runs on a flexible track with a curved geometry is used here to demonstrate the novel aspects 

of this work and then discuss the improvements over the conventional approaches. The results 

show that the proposed methodology greatly improves the computation of the wheel-rail 

interaction forces and prevents spurious oscillations from propagating to the vehicle. 

Keywords: Track modeling, Wheel-rail contact, Vehicle dynamics, Co-simulation, Curved 

beam  

1 INTRODUCTION 

Vehicle-track studies involve a contact model that establishes the interaction between 

two subsystems: the vehicle and the track [1–6]. Although several methodologies are available 

to represent these subsystems in vehicle-track interaction problems, the multibody dynamic 

analysis and the finite element method became the most used approaches. Studies concerning 

the vehicle subsystem favor a multibody dynamics approach and focus on describing the 

mechanical components of the vehicle and their interactions [7–13]. On the other hand, studies 

concerning the track subsystem tend to favor the finite element method and focus on describing 

the structural and material behavior of the track and its components [14–22]. 

Most commercial and in-house codes for railway dynamics applications use multibody 

dynamic analysis to study vehicle curving behavior, passenger comfort, and stability. The track 

is usually considered as a semi-rigid or rigid structure, and the representation of the rails is 

purely geometrical [1,2,23]. This modeling approach is reasonable in the low-frequency 

domain as the suspension of the vehicles filters most of the high-frequency excitations, and the 

track behaves as a stiff spring [24–26]. However, recent studies show that wheelset and track 

flexibility influence the dominant frequency of hunting motion [26], the critical speed of the 
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vehicle [26,27], and the wheel-rail contact forces [26–28], and thus should not be overlooked 

in stability studies. Furthermore, the flexibility of other track components becomes important 

in the mid and high-frequency range [29–35]. In the mid-frequency range to study the effects 

of unsupported sleepers [36–38], rail corrugation and wheel wear [10,25,28,39–48], and 

ground-borne vibration [49,50], and in the high-frequency range to study noise and squeal 

[24,51]. The finite element method is well established in the literature as a suitable approach 

to model track flexibility [14,15,52,53]. 

The multibody dynamic analysis and the finite element method have different integration 

requirements and satisfying both within a single integration scheme can be challenging. 

Moreover, binding the two methodologies together increases the complexity of the problem 

and decreases its numerical efficiency. Therefore, it is common to find in the literature studies 

where a multibody model of a railway vehicle runs on a rigid track or, conversely, studies 

where the behavior of the vehicle is represented in a simplified manner on a finite element 

model of a railway track. The flexible multibody dynamic analysis provides a reasonable 

approach that represents track flexibility without compromising the complexity of the vehicle 

model, and unifies the multibody dynamic analysis and the finite element method under one 

integration scheme [54]. However, this approach involves modal synthesis [55,56] and 

additional considerations [57] to keep the computational cost of the procedure under control. 

Alternatively, co-simulation procedures provide a general approach to simulate coupled 

systems [37,58–62]. Instead of using a single formulation and unified integration, co-

simulation allows the subsystems to have independent formulations and integration schemes. 

In vehicle-track co-simulation, the coupling between the two subsystems is associated 

with the wheel-rail contact forces, which requires the assessment of contact conditions between 
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the wheel and rail surfaces. The contact conditions depend on the relative motion and velocity 

between the wheel and the rail [2,63,64]. Therefore, when track flexibility is considered, the 

evaluation of the contact forces must also include the deformation of the rail. When modeling 

track flexibility, the rails are usually modeled as finite elements, and their position is evaluated 

using the corresponding shape functions. In the literature, the details regarding this 

implementation often refer to classic finite element references, i.e., unidimensional straight 

beam elements. This modeling approach is suitable if the track comprises only straight sections 

or when the wheel-rail interaction is replaced by simplified loading conditions. In curved 

sections, describing the rails with unidimensional straight elements results in high-frequency 

oscillations without physical meaning in the contact forces. This behavior is due to the wheel 

changing direction by rolling over straight elements with different orientations, instead of 

rolling over a smooth curve. These numerical difficulties are mitigated by using different 

interpolation schemes for the geometry and deformation of the rail [55,56], or by improving 

the resolution of the rail geometry, i.e., increasing the number of straight beam elements used 

to represent the curve. However, increasing rail mesh density also increases the computational 

cost and only mitigates the undesired effects without solving them. Hence, making this 

approach less appealing for engineering applications.  

This work proposes a new approach to model the rails as unidimensional curved 

Timoshenko beam elements. This approach improves the representation of rail geometry, with 

a direct impact on the prediction of the wheel-rail forces, and reduces the computational cost 

of dynamic studies involving vehicle-track interaction with flexible tracks. The impact of the 

finite element chosen to represent the rails is demonstrated with a case study of a vehicle 

running on a flexible track with curved geometry. 
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2 TRACK MODELING METHODOLOGY 

The structure of the ballasted railway track is commonly divided into two subsystems: 

the superstructure and the substructure. The superstructure comprises the rails, rail pads, 

fastening systems, sleepers, ballast, and sub-ballast, while the substructure comprises the 

formation layer and the ground. The track model used in this work considers only the 

superstructure flexibility between the rail and the ballast, as shown in Figure 1. The remaining 

components are disregarded because they do not significantly impact the running dynamics of 

railway vehicles foreseen for the applications of this work. Nevertheless, the sub-ballast and 

substructure can easily be included in the finite element model of the track and do not change 

the forthcoming methods. 

 

Figure 1: Components of the railway track superstructure considered in this work. 

 Finite Element Model of the Track 

The track model is built in the framework of the linear finite element method [65]. The 

sleepers are modeled using elements based on the Euler-Bernoulli beam theory, while the rails 

are modeled using elements based on the Timoshenko beam theory. In both theories, each node 

represents six degrees of freedom (dof), three translations and three rotations. Damping plays 
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an important role in the structural dynamics of the track when subjected to the wheel-rail 

interaction forces. Therefore, Rayleigh damping is assumed for the beam elements [65,66]. 

The rail pads and fastening systems are modeled by the spring-damper elements connecting 

the rails and the sleepers, as depicted in Figure 2. Stiffness and damping along three 

perpendicular directions represent the behavior of the pad, while a torsional stiffness about the 

rail longitudinal direction represents the behavior of the fastening system. 

 

Figure 2: Cross-section view of the track model. 

The ballast is modeled by two sets of spring-damper elements: below the sleepers and 

in-between the sleepers. Each set of spring-dampers represents different characteristics of the 

ballast. The vertical elements between the sleeper and the boundary, seen in Figures 2 and 3, 

account for the flexibility of the ballast directly below the sleeper, while the horizontal 

elements, seen in Figure 3, represent the interlocking action of the ballast. The dof of the 

boundary are constrained, as depicted in Figures 2 and 3. 
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Figure 3: Longitudinal view of the track model. 

Local absorbing boundaries, modeled as the spring-damper elements in Figure 3, are 

placed at the ends of the track to attenuate elastic wave reflection. For the sake of clarity, 

Figures 2 and 3 depict spring-damper elements as unidimensional. However, these are three-

dimensional elements and present translational and torsional characteristics in three 

perpendicular directions. The rail fastening system and ballast inertias are modeled by adding 

lumped masses to the nodes of the finite elements. 

 Curved Timoshenko Beam Elements 

Beam theories decouple bending and axial effects by using an axes system attached to 

the neutral axis of the beam. The beam axes system is an orthonormal set comprising a vector 

tangent to the neutral axis of the beam and two vectors defining the plane of the beam cross-

section. On a straight beam, a single reference frame is enough to describe the orientation of 

every cross-section along the element. The general approach to model a straight finite element 

beam is to define the structural nodes, representing the neutral axis, and an orientation node 

off-axis, as seen in Figure 4 (a). The axes system of each element is assembled using the 

structural nodes to build the tangent vector ξe, and the orientation node to define the principal 
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axes of inertia ηe and ζe. This axes system is referred to hereafter as the element local reference 

frame. 

On a curved element, a single reference frame is not enough to describe curvature. 

Therefore, a local reference frame (ξ,η,ζ)i is defined at each node, as seen in Figure 4 (b). The 

tangent vector defines the neutral axis of the beam, while the remaining vectors define the 

orientation of the beam cross-section. The orientation of the cross-sections along the beam is 

approximated by interpolating the local reference frames of the nodes using the element shape 

functions. 

 

Figure 4: Discretization of curved geometry using (a) two straight elements, (b) one curved element. 

The curved Timoshenko beam element is adequate for moderately curved beams in 

which the characteristic dimensions of the beam section are much smaller than its curvature 

radius [67]. The element includes axial, bending, and twist deformations. Since the derivation 

of the curved element is similar to its straight counterpart, what follows focuses on the 

description of the curved geometry. The reader is referred to [65,68] for further details on the 

derivation of Timoshenko beam elements.  
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The curved geometry of the beam is approximated by an isoparametric interpolation as 

  
1

n

i i

i

N 


r r , (1) 

where Ni represents the shape function, ξ the natural coordinate of the element,  , ,
T

i i i ix y zr  

the coordinates in the inertial reference frame, and subscript i the node number. The element 

expressions differ from the traditional straight element by performing the integration over a 

curvilinear coordinate s, instead of a rectilinear coordinate. Based on the isoparametric 

interpolation, the curvilinear derivative is evaluated as 

 i idN dN d

ds d ds
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where the derivative of the natural coordinate with respect to the curvilinear coordinate 
d

ds
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The rest of the procedure follows the usual derivation of finite element matrices. The 

strain-displacement matrix B is built by seeking a relationship of the form 
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where ε  is the local generalized strain vector and      
T

i x y z i
u v wu  the local 

displacement vector of node i. The stiffness and consistent mass matrices of the element with 

respect to the global reference frame are numerically evaluated as 
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where N is the displacement interpolation matrix, D is the stress-strain matrix, M0 is a matrix 

containing the cross-section inertias, A is the transformation matrix from the local reference 

frame to the inertial reference frame, J is the Jacobian, Np is the number of integration points, 

and wp is the weight of the integration point. Reduced integration of shear terms in the stiffness 

matrix is used to avoid shear locking [67]. 

 Automatic Generation of the Track Mesh  

The finite element model of the track is systematically generated based on the moving 

Frenet-Serret frames of the track centerline and rails. The track geometry information, i.e., 

horizontal curvature, cross-level, and grade, is discretized along the arc-length of the track. For 

every arc-length, the position of the track centerline rc is obtained from the horizontal curvature 

and grade of the track through a geometric reconstruction [69], while the reference frame 

(ξ,η,ζ)c is obtained from the cross-level. This reference frame defines the plane in which the 

track lays, as shown in Figure 5. The position of the rails rr is obtained from the position of the 

centerline and the track gauge, while their orientation is defined by the reference frame (ξ,η,ζ)r, 

which is rolled to account for both track cross-level and rail inclination. The subscript r can be 

either lr or rr to refer to the left or right rail, respectively. 
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Figure 5: Coordinates and local reference frames of the track and rails [70] 

The finite element mesh of the track is built by placing the structural nodes on planes 

normal to the track centerline tangent vector ξc. In each plane, two nodes are associated with 

the rail cross-section centers, six nodes with the sleepers, and four nodes with the boundary 

conditions.  The nodes of a cross-section of the track model are depicted in Figure 5. The 

number of rail elements in-between sleepers can be changed to accommodate different mesh 

densities. If modeled as straight beam elements, the orientation of the rails is defined by the 

direction between two adjacent rail nodes and ζr. The adjacent nodes define the axial direction 

of the element, while ζr defines one of the principal axes of inertia of the rail cross-section. On 

the other hand, the orientation of the curved beams is defined by the reference frames (ξ,η,ζ)r 

at each node. The orientation of the sleeper elements is defined by the reference frame (ξ,η,ζ)c, 

while the orientation of the spring damper-elements is defined using their nodes and the 
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reference frames previously described. A detailed description of the automatic generation of 

railway tracks with arbitrary geometry is found in [70].  

 Equations of Motion of the Track 

The dynamic equilibrium of the railway track is assembled and written as [65,71] 

 Mu+Cu+Ku = f ,  (6) 

where M, C, and K are the finite element global mass, damping and stiffness matrices, and u

, u , u , and f are the nodal acceleration, velocity, displacement, and force vectors, respectively. 

The global matrices M, C and K, are built by assembling the individual finite element matrices 

according to the topology of the track mesh. The force vector f is evaluated during the time 

integration, at every time step, and represents the equivalent wheel-rail contact forces and 

moments described in Section 4.3. The dynamic equilibrium equations of the track are solved 

using an integration algorithm based on the Newmark method without numerical damping, i.e., 

the integration parameters   and   are set to 0.5 and 0.25, respectively [72]. This algorithm 

was chosen for its unconditional stability when used implicitly [65]. 

3 RAILWAY VEHICLE MODELING 

A multibody model of a railway vehicle is characterized by a set of rigid and flexible 

bodies interconnected by joints and force elements. The equations of motion representing a 

multibody model of a railway vehicle are written as [73] 

 

T     
     
      

q

q

M Φ q g
=

Φ 0 λ γ
,  (7) 
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where M is a matrix comprising the mass and inertia properties of the rigid bodies, Φq is the 

Jacobian matrix comprising the partial derivatives of the constraints equations with respect to 

the coordinates, q  is the vector with the accelerations of the rigid bodies, g is the vector of 

external forces, λ is the Lagrange multiplier vector associated with the joint reaction forces, 

and γ is the right-hand side of the kinematic acceleration equations. 

The multibody model considered in this work is illustrated in Figure 6  and comprises a 

carbody, bogie frames, wheelsets, and axleboxes, modeled as rigid bodies. Revolute joints 

ensure the kinematic constraint between the wheelsets and the axleboxes, as represented in 

Figure 6 (b). Sets of springs and dampers with appropriate constitutive relationships represent 

the behavior of the primary and secondary suspensions. Figure 7 depicts the primary and 

secondary suspensions of the vehicle used in this work. The forces of the suspension elements 

and the wheel-rail contact forces are included in the force vector g. 

 

Figure 6: Multibody model of the (a) railway vehicle and (b) bogie [58]. 
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Figure 7: Suspension system of the railway vehicle [58]. 

The position and velocity constraint equations are not used explicitly in the integration 

of equation (7), which results in the violation of the constraints as the analysis time progresses. 

Consequently, a numerical scheme is employed to eliminate or keep the violation of the 

constraint equations under control [74]. The kinematic constraints violations can be eliminated 

when they exceed a pre-established value by employing coordinate partitioning [75], or kept 

under a prescribed threshold using the Baumgarte stabilization method [76,77]. The forward 

dynamics solution of the multibody model is obtained using a variable time step and variable 

order numerical integrator [78]. 

4 VEHICLE-TRACK INTERACTION 

In the vehicle-track co-simulation procedure, the wheel-rail contact establishes the 

constitutive relation between the vehicle and track subsystems [1,2]. Both subsystems 

exchange information to assess contact conditions between the wheel and the rail surfaces, 

after which the wheel-rail forces are evaluated with a suitable contact model. Finally, the 

contact forces are transferred from the interacting surfaces to specific points in the models, i.e., 

to the mass center of the bodies on the multibody model, and to the nodes on the finite element 
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model. The following subsections describe the co-simulation strategy adopted, the wheel-rail 

contact model employed, and the loading of the track model. 

 Vehicle-Track Co-Simulation 

This work approaches a railway vehicle running on a flexible track as a coupled problem, 

i.e., a problem in which subsystems analyzed with independent codes interact with each other. 

A co-simulation procedure is employed to benefit from the advantages of using a multibody 

dynamics approach to solve the dynamics of the vehicle and the finite element method to solve 

the dynamics of the track. The procedure allows the subsystems to run independently until they 

require information from each other to proceed with the dynamic analysis. The wheel-rail 

contact formulation establishes the constitutive relation between the two subsystems. The 

vehicle provides the position, velocity, and orientation of the wheels to the track. Then, the 

track evaluates the wheel-rail forces and returns them to the vehicle. Since the multibody 

dynamic analysis and the finite element method require different integration algorithms, a 

forward stepping scheme [79] ensures their compatibility when exchanging state variable 

information. A reliable interpolated or extrapolated estimate of the state variables is readily 

available at each iteration time step. A detailed description of the co-simulation procedure 

employed here is found in [58]. 

 Wheel-Rail Contact 

The determination of the contact conditions between each wheel-rail pair requires the 

parameterization of the wheel and rail surfaces. The wheel profile is defined by two sets of 

nodal points, one for the tread and another for the flange, as shown in Figure 8 (a). The nodal 

points are interpolated as a function of the parameter uw to define the cross-section of the wheel 
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profile. The cross-section is then swept from ξw around the wheel axis ηw, by the angle sw, to 

form the parametric surface of revolution. The rail profile is also obtained by interpolation of 

a set of nodal points as a function of ur, which in turn is swept along the rail arc length sr. 

Figure 8 (b) depicts the parametric surfaces of the wheel and the rail. Cubic splines are used to 

interpolate both the wheel and rail profiles. This way, the parameterization allows obtaining 

the position of the candidate contact points and its respective normal and tangent vectors, 

which are essential for contact detection. 

 

Figure 8: Wheel tread, wheel flange, and rail (a) profiles and (b) parametric surfaces. 

The detection of the wheel-rail contact is similar to the assessment of an interference 

between the two parametric surfaces, as depicted in Figure 9 (a), and is solved in two steps. 

The first step is a search for potential contact points, i.e., points where the tangents to the 

surfaces are parallel to each other. This geometric relation is represented by the following 

nonlinear system of equations [1,23,80] 
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where d is the vector between the candidate contact points, nr is the normal vector, tu and tw 

are the tangent vectors, all defined as functions of the surface parameters sr, ur, sw, and uw 

depicted in Figure 9 (a).  

The second step is to assess if there is an interference between the surfaces, as depicted 

in Figure 9 (b). The interference condition is evaluated as 

 0T

r d n .  (9) 

When contact occurs, wheel-rail contact forces are determined using normal and tangential 

contact models. Here, the normal contact force is evaluated with a Hertzian contact model with 

hysteresis damping as [81,82] 

 
 2

1.5

n max

3 1
1

4

e
f K

 
  
 
 





,  (10) 

where parameter K is a generalized stiffness coefficient that depends on the geometry and 

material of the surfaces in contact, e is the restitution coefficient, δ is the interference between 

the surfaces,   is the interference velocity, and max  is the maximum value of   during 

interference. The longitudinal and lateral forces are determined using the Polach model as [83] 
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where f is the tangential contact force caused by longitudinal and lateral relative velocities 

between the contacting surfaces,  ,  , and   are longitudinal, lateral and spin creepages, 

C  is the modified translational creepage, and Sf  is the lateral tangential force due to spin 

creepage. 

 

Figure 9: Contact detection between two surfaces (a) search for candidate points, (b) interference 

detection 

In the wheel-rail contact formulation with a rigid track, the tangent, normal, and bi-

normal vectors of the left and right rails are available in a table that is accessed online during 

the contact search [1,2,23]. However, to accommodate the rail flexibility, the change in 

position and orientation of the rail cross-sections must be considered in the contact search. The 

effect of the track flexibility on the rail position and orientation is graphically depicted in 

Figure 10, where a rail finite element is displaced with respect to its initial position, in grey, 

and the corresponding cross-sections are rotated relative to their initial orientation. 
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Figure 10: Displacement and rotation of the rail due to wheel contact. 

Let the finite element in which wheel-rail contact occurs connect nodes i through n. The 

displacement and rotation of a cross-section of the element are obtained using the finite element 

shape functions as 
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where iδ  and iθ  are the nodal displacements and rotations at node i expressed in the inertial 

reference frame, A is the transformation matrix from the local reference frame to the inertial 

reference frame, and Ni is a matrix containing the appropriate element shape functions. The 

natural coordinate of the element   is a function of the arc-lengths of the contact point sr, and 

element nodes si, of the finite element in which the contact takes place, as illustrated in Figure 

10. The updated position of the center of the rail cross-sections is evaluated as 
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 ( ) r r rsr r δ ,  (13) 

where ( )rsr  is the position of the center of the rail cross-section that includes the contact point 

in the rigid track, as described in [1,23], and rδ  is the displacement of the cross-section given 

by equation (12). The orientation of the cross-section is updated by rotating the tangent, 

normal, and bi-normal vector of the rigid track by the following matrix 

 θ

1

1

1

 

 

 

 

 

 

 
 

  
  

A ,  (14) 

which is assembled from the infinitesimal rotations of the cross-section 
T

r        θ , 

given by equation (12), and represents the transformation from the reference frame attached to 

the rigid rail cross-section  
rigid

, ,
r

    to the reference frame of the deformed rail cross-section 

 , ,
r

   , as depicted in Figure 10. 

 Wheel-Rail Contact on the Track Model 

The tread and flange contact forces on the rail are depicted in Figure 11 as vectors ftr,r 

and ffl,r. These forces are applied on the rail surface, whereas the formulation used for the rail 

models only the neutral axis of the beam. Therefore, the equivalent force system is obtained 

by applying the resultant of the contact forces fe,r and a transport moment ne,r to the center of 

the rail cross-section, as depicted in Figure 11 (a). The equivalent force system at the center of 

the rail cross-section is given by 

 
, tr, fl,

, tr, tr, fl, fl,

e r r r

e r r w r w

 

 

f f f

n s f s f
,  (15) 



21 

 

where str,r and sfl,r are the contact position vectors with respect to the cross-section center 

defined in the inertial reference frame. In this notation, v  represents the cross product as 

matrix multiplication using a skew-symmetric matrix built with the components of v. The 

transformation of the contact position points from rail cross-section to the inertial reference 

frame is obtained by 
tr, tr,r r r

s A s  and 
fl, fl,r r r

S A s  with the transformation matrix 

r   
 
 

A u u u . 

 

 

Figure 11: (a) Wheel-rail contact forces and respective equivalent force system in the center of the rail 

cross-section, (b) wheel-rail contact forces on the nodes of a finite element. 

Despite the wheel-rail forces moving along the rails, the finite element method requires 

that the forces be applied only on the nodes of the finite elements. Therefore, the equivalent 

force system at the center of the rail cross-section is then transferred to nodes of the rail finite 

elements, as shown in Figure 11 (b). The relation between the equivalent force system at the 
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center of the cross-section and the forces on the rail nodes is established using the matrix 

containing the element shape functions as 

  
, ,

, ,

( ) ( )

( ) ( )
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f fA A
N

n nA A
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where the forces and moments are expressed in the inertial reference frame.  

Note that in the multibody model, equivalent force systems are evaluated for each 

wheelset and added to the force vector g in equation (7). The procedure to evaluate the wheel-

rail forces in the multibody model is found in [58].  

5 CASE STUDY 

A case study of a vehicle running on a flexible track demonstrates the implications of 

different rail modeling options, such as choice of element and mesh refinement. Two different 

elements based on the Timoshenko beam theory are used to represent the rails: a quasi-exact 

two-node straight element [67,68], and a three-node curved element [67]. The coupled 

dynamics of the railway vehicle and the flexible track are captured with a co-simulation 

procedure that ensures the synchronization, numerical stability, and accuracy of the integration 

algorithms of the finite element method and the multibody dynamic analysis [58]. 

 Description 

The track used in the case study comprises a straight segment, followed by a small radius 

left-hand curve, and another straight segment, as depicted in Figure 12. The segments are 

connected by transition curves where the curvature changes linearly. The characteristics of the 

track comply with the specifications set in standard EN13803-1 [84], and respect the maximum 
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allowed limits of cross-level and cant deficiency for an operating speed of 110 km/h on a 500 

m radius curve. The rails are modeled assuming Iberian gauge, UIC60 profiles, and a 1/20 rail 

inclination. 

 

 Figure 12: Track design geometry: Curvature, cross-level, and top view. 

The track is modeled using three alternative finite element approaches, where different 

types of element and mesh refinements are employed to represent the rails: 2 two-node straight 

elements across sleeper bay, 6 two-node straight elements across sleeper bay, and 1 three-node 

curved element across sleeper bay,  respectively denoted from here on as S2, S6, and C1. Figure 

13 depicts the discretization of a rail across one sleeper bay according to models S2, S6, and 

C1. Model S2 represents the least computational expensive way to represent a change in 

curvature across sleeper bay using straight elements, both in terms of required computer 

memory and processing power.  Model S6 represents a mesh refinement adequate to represent 

a curved geometry with straight beam elements [58]. Finally, model C1 uses the curved beam 
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element to reduce both discretization errors due to geometry and the number of dof of the 

problem. Models S2 and C1 have the same number of dof, while model S6 represents an 

increase of 133% in the number of dof required to model the rails. 

 

Figure 13: Discretization of the rail across one sleeper bay according to the track models. 

Tables 1 and 2 list the material properties of the beam and spring-damper elements employed 

in the model. Most of the properties were retrieved from state-of-the-art references. When 

references could not be found, the properties were either estimated or assumed to the best of 

the author’s knowledge and judgment. Consequently, there is no guarantee that this track 

model will behave as the models in the references. This study focuses on the geometric 

representation of the rails and the calibration of the track model out of its scope. In the tables, 

the letters R, E, and A beside the reference number designate if the parameter was retrieved, 

estimated, or assumed, respectively. 

  

S2

S6

C1

Sleepers
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Table 1: Properties of the beam elements in the track model. 

Element properties Rail Ref. Sleeper Ref. 

Young modulus - E [Pa] 2.10×1011 R [36] 3.10×1010 R [85] 

Torsion modulus - G [Pa] 8.08×1010 E [86] 1.50×1010 R [87] 

Cross-section area - A [m2] 7.67×10-3 R [88] 5.6×10-2 R [85] 

Shear correction factor η direction 0.55 E [89] -  

Shear correction factor ζ direction 0.4 R [24] -  

Torsion constant in ηζ plane - Jξξ [m4] 2.21×10-6 E [89] 1.71×10-3 E [86] 

Second moment of area in ξζ plane - Iηη [m4] 3.04×10-5 R [88] 2.60×10-4 E [86] 

Second moment of area in ξη plane - Iζζ [m4] 5.12×10-6 R [88] 1.67×10-4 E [86] 

Density ρ [Kg/m3] 7860 R [90] 2750 R [36] 

Rayleigh damping parameter - α [s-1] 0.17 E [91] 0.94 R [92] 

Rayleigh damping parameter - β [s] 0.02 E [91] 3.98×10-4 R [92] 

 

Table 2: Spring-damper element properties of the track model. 

Element properties Pads Ref. 

Ballast 

bellow 

the 

sleepers 

Ref. 

Ballast in-

between 

sleepers 

Ref. 

Local 

absorbing 

boundaries 

Ref. 

Vertical stiffness - Kv [N/m] 2.50×108 R [93] 6.19×107 R [94] 5.50×105 R [95] 7.50×107 A 

Lateral stiffness - Klat [N/m] 5.00×107 R [93] 1.00×107 R [95] 4.05×105 R [95] 7.50×107 A 

Longitudinal stiffness - Kl [N/m] 5.00×107 R [93] 5.50×105 A 3.92×107 R [90] 7.50×107 A 

Vertical torsional stiffness - Krv [Nm/rad] 2.60×105 R [93] -  -    

Lateral torsional stiffness - Krlat [Nm/rad] 8.33×105 R [93] -  -    

Longitudinal torsional stiffness - Krl [Nm/rad] 4.69×105 R [93] -  -    

Vertical damping - Cv [Ns/m] 3.00×104 R [93] 2.94×104 R [90] 2.94×104 A 2.94×104 A 

Lateral damping - Clat [Ns/m] 3.00×104 R [93] 2.94×104 A 2.94×104 A 2.94×104 A 

Longitudinal damping - Cl [Ns/m] 3.00×104 R [93] 2.94×104 A 2.94×104 R [90] 2.94×104 A 

Vertical torsional damping - Crv [Nsm/rad] 1.00×102 R [93] -  -    

Lateral torsional damping - Crlat [Nsm/rad] 1.00×102 R [93] -  -    

Longitudinal torsional damping - Crl [Nsm/rad] 1.00×102 R [93] -  -    

Lumped mass - m [kg] 2.5 A 226.41 E [94] -    

 

The vehicle model considered in this work is used by a Portuguese railway operator for 

passenger transport [58].  Table 3 lists the properties of the vehicle model used. 
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Table 3: Properties of the vehicle model. 

Vehicle properties Value 

Axle load [kN] 145.9 

Distance between leading and trailing wheelsets 

of a bogie [m] 
2.7 

Distance between the centers of the front and 

rear bogie [m] 
19 

 

 Results 

The vehicle-track interaction dynamics involve a large set of responses that is not 

possible to present concisely in this work. Therefore, the wheel-rail forces of the leading outer 

wheel, where the flange contact is likely to occur, and the kinematics of the leading wheelset 

are selected to highlight the differences between the three modeling approaches. The 

discussion of the results focuses on the straight section between the 0 and 100 m marks and the 

curved section between the 205 and the 305 m marks where a steady-state operation of the 

vehicle is expected. 

The wheel-rail forces are presented in a reference frame where the rail tangent vector at 

the contact point defines the longitudinal direction, vector  0,0,1
T

 defines the vertical 

direction, and the cross product between the vertical and longitudinal directions defines the 

lateral direction. Figure 14 shows that the contact forces developed are sensitive to the 

modeling approach used. In the vertical direction, model S2 produces higher oscillations than 

the other two models, and these get amplified on the curved section, as observed in Figure 14 

(b) and (c). Although models S6 and C1 show a similar evolution, the former is accompanied 

by a high-frequency component. In the lateral direction, model C1 presents a lower mean value 

and a smaller amplitude than the other two models on the straight section, as seen in Figure 14 
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(e). On the curved section, the mean of the three models is similar. However, Figure 14 (f) 

shows that S2 presents a higher amplitude than the other two models, and model S6 resembles 

C1 with a superimposed high-frequency. The high-frequency oscillatory behavior of the 

contact force in models S2 and S6 is due to the discretization of the rail elements. Instead of 

traveling along the curved geometry of the rail, the wheel changes direction by sequentially 

traveling along straight segments with different orientations. Model S6 shows a decrease 

between 50 and 60% in the amplitude of these oscillations, demonstrating that the amplitude 

of the oscillatory behavior is reduced by refining the rail mesh. However, this improvement in 

the prediction of the wheel-rail forces comes at the computational expense of increasing the 

number of dof of the track finite element model, in this specific case by 57%. Model C1, which 

considers one curved element per sleeper bay, preserves the curved geometry of the rail and, 

consequently, presents the smoothest response of all track models studied. Model C1 

outperforms model S6 in the evaluation of the wheel-rail forces while keeping the same number 

of dof of model S2. 
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Figure 14: Vertical and lateral force applied to the right leading wheel. 

(a)

(b) (c)

(e) (f)

(d)



29 

 

The oscillatory behavior observed in the evolution of the wheel-rail forces is due to the 

discretization of the rail as straight segments and has no physical meaning. This result is 

confirmed by the Welch’s Power Spectral Density (PSD) estimate [96] of the lateral wheel-rail 

forces over the straight and curved sections. The PSD peaks observed in Figure 15 are 

consistent across the three models. The peaks observed around 51, 102, and 153 Hz are related 

to sleeper spacing, half sleeper spacing, and a third of the sleeper spacing, respectively. On the 

other hand, the PSD of the lateral forces over the curved section is sensitive to the modeling 

approach used. The number and density of frequency peaks seem to decrease with the 

improvement of rail geometry representation. Model S2 captures frequency components 

around 17, 85, 119, 137, 170, and 186 Hz, while model S6 only captures three of these 

components, namely, 85, 137, and 170 Hz. Furthermore, model C1 captures only the 

frequencies observed in the straight section, i.e., 51, 102, and 153 Hz. Therefore, discretizing 

the rail with straight segments introduces spurious frequency components in the wheel-rail 

contact forces. 
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Figure 15: Power spectral density of the lateral wheel-rail force on (a) the straight and (b) curved 

sections. 

The motion and angle of attack of the leading wheelset are analyzed to understand the 

impact of the spurious frequencies. Here, the lateral motion of the wheelset refers to the lateral 

misalignment between the wheelset and the track centerline projected on the running surface, 

as depicted Figure 16 (a), while the angle of attack refers to the misalignment angle between 

the wheelset and the track centerline, as depicted in Figure 16 (b).  

(a)

(b)
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Figure 16: Kinematics of a wheelset: (a) lateral displacement, and (b) angle of attack. 

Figure 17 shows that the overall motion of the wheelset is not sensitive to the track 

modeling approach. The wheelset is displaced in the negative direction, i.e., towards the outer 

rail, due to the inertia of the vehicle. The angle of attack of the wheelset is negative throughout 

the curve and can be interpreted as a delay in the adjustment of the wheelset trajectory relative 

to the track centerline, as illustrated in Figure 16 (b). Despite not playing a role in the overall 

motion of the vehicle, the track model affects the wheelset kinematics on a smaller scale. First, 

the average lateral displacement of the wheelset on model S2 is lower than on the other two 

models due to the constraint imposed by poorly approximating the rail geometry with few 

straight segments. Second, the lateral motion of the wheelset on model S2 resembles two 

superimposed waves, while the motion on S6 and C1 resembles a single wave. Note that 

despite the similar behavior of models S6 and C1, the latter describes curvature adequately and 

relaxes the geometric constraints imposed by the former, resulting in a slightly higher 

amplitude. The conclusions drawn from the angle of attack are similar to those drawn from the 

lateral displacement. Figure 17 (b) shows that models S6 and C1 lead to a similar evolution of 

the angle of attack. However, model C1 displays a slightly larger average angle of attack than 

models S2 and S6. 

wsy

ws

(a) (b)
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Figure 17: (a) Lateral displacement, and (b) angle of attack of the leading wheelset. 

Table 4 presents a comparison of the computation times of the different models on an i9-

9900K. The table shows the percentage time increase in models S6 and C1 relative to S2. S2 

took 7 seconds to perform matrix evaluation and 29 hours, 57 minutes, and 29 seconds to 

complete the dynamic analysis. Regarding matrix evaluation time, the formulation of the 

straight beam element is computationally more efficient than the curved element. In the straight 

element, the Jacobian is a function of its length, and the nodes share the same reference frame. 

Consequently, element integration can be performed beforehand and leads to the well-known 

closed-form matrices available in the literature. The procedure is reduced to assigning entries 

of matrices, which is inexpensive. On the other hand, a closed-form for the curved element is 

challenging because its length is unknown, and each node has its own reference frame. Thus, 

the curved element is more expensive because it requires numerical integration. This is 

evidenced by the time increase of model C1 relative to S2. Recall that these models have the 

same number of dof. However, the numerical integration of the curved element is less 

expensive than mesh refinement using straight elements, as evidenced by comparing the time 

increase between models S6 and C1.  

(a) (b)
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Regarding the dynamic analysis time, there are two relevant aspects to the discussion: 

the displacement and velocity of the contact point on the rail and the size of the finite element 

model. The displacement and velocity of the contact points are obtained using the element 

shape functions. The curved element requires interpolating the local reference frame, while the 

straight element does not. However, this additional step is reasonably cheap, as evidenced by 

the small time increase of C1 relative to S2. On the other hand, mesh refinement is more 

expensive than the additional interpolations performed by the curved element, as evidenced by 

comparing the time increase between models S6 and C1. 

Table 4: Computation times of matrix evaluation and dynamic analysis of the models. 

 Time increase [%] 

Model Matrix evaluation Dynamic analysis 

S2 - - 

S6 55.1 25.4 

C1 5.6 3.3 

 

6 CONCLUSIONS 

In applications involving vehicle-track interaction and curved flexible tracks, modeling 

the rails using straight beam elements might compromise its geometric representation, which 

is fundamental in the evaluation of the wheel-rail contact forces. This work proposes the use 

of curved beam elements to describe the rails when dealing with vehicle-track interaction and 

flexible track models with arbitrary geometry. A case study demonstrates the benefits of the 

new approach over the typical straight beam element. First, the evaluation of the rail position 

is improved, and a direct consequence is a prediction of the wheel-rail forces free of numerical 

disturbances. Second, the number of degrees of freedom required to obtain a reasonable 

prediction of the wheel-rail forces is significantly reduced, which decreases the computational 

cost of the procedure. Finally, the spurious frequencies that arise from the discretization of the 
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rail as straight segments are eliminated. Despite the curved beam finite element requiring 

numerical integration of its matrices, the accuracy and computational benefit of reducing the 

problem size exceed the drawback posed by this numerical integration. 
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