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Abstract: Angle-resolved ellipsometry with back focal plane imaging has been found of 
increasingly importance in recent industrial sensing, by virtue of its rich information provided 
at various incident and azimuthal angles. To achieve high sensing accuracy, the incident angles 
of a back focal plane must be accurately calibrated. For this purpose, a simple and robust 
incident angle calibration method based on full-field Brewster angle fitting is proposed, 
without expensive tools or complex operations. With the method, a back focal plane image is 
first captured from boundary reflectance through a high numerical aperture objective. By 
extracting annular data from the image, radius-dependent ellipsometric parameters (ψ, Δ) are 
calculated. At the end, the radii of the back focal plane are mapped to the angle of incidence, 
by using a fitted Brewster angle as the reference. The method is validated by simulation and 
experiments using a home-made angle-resolved ellipsometer and a commercial spectroscopic 
ellipsometer. The results show that the proposed method provides a 75% error reduction 
approximately from generally used methods.  

1. Introduction 

Thin film plays an important role in semiconductor and display industries. Inline metrology of thin 
film thicknesses and refractive indices are essential to the quality control in thin film 
manufacturing. Among various existing thin film sensing approaches ellipsometry [1] is one of the 
most widely used technique in light of its high sensitivity and precision. However conventional 
ellipsometry gets some drawbacks such as time-consuming and poor spatial resolution issues [2]. 

Angle-resolved ellipsometry (ARE), also known as micro-ellipsometry [3, 4], with a high 
numerical aperture (NA) objective lens placed in front of the sample is a potential solution to the 
above problems. Here, the objective lens is introduced to improve the spatial resolution of 
ellipsometric measurement and realize incident and azimuthal angle scanning without mechanical 
movement. This approach normally includes the following key steps. A back focal plane (BFP) image 
or a group of BFP images are captured to extract radius-dependent ellipsometric parameters. With 
an appropriate radius-incident angle calibration, these parameters are mapped to incident angles. 
Using the incident angle-dependent ellipsometric parameters a measurement can thus be 
implemented. Recently, researchers mainly focus on the first step, i.e. extending captured 
information, by introducing Mueller matrix polarimetry and multispectral ellipsometry [5-7]. For 
these advanced ellipsometry, accurate incident angle calibration is a fundamental process which 
determines their measurement accuracy.  

Generally, researchers [8-10] simply map BFP image pixel positions to incident angles by using 
the maximum aperture angle as the benchmark, because it theoretically corresponds to the 
maximum radius of a BFP image. However, manufacturing and assembly errors of an objective lens, 
also with a size-extended imaging spot, usually lead to the above mapping relationship 
inaccurate[11]. For this problem, Lee et al. [12] developed an incident angle calibration method by 
introducing a point source to search the aperture angle-dependent maximum pupil radius. The 



calibration error was reported up to ~3 °, considering the spot size effect. Ghim and Rhee [13] used 
the Brewster angle of a certain material (N-BK7) for the radius-incident angle calibration, because 
the Brewster angle corresponds to the radius with a minimal p-polarized light intensity. This 
method is simple, but susceptible to noise [14]. Martino et al. [15, 16] calibrated incident angles 
using a grating and an aided mask by mapping the multiple diffraction orders to their own focusing 
positions. This method relies on prior knowledge of the incident angle to the grating, which 
increases the complexity and calibration uncertainties. Robust incident angle calibration methods 
for ARE thus need to be developed. 

In this work, we report a robust incident angle calibration method for ARE, by analyzing 
incident angle-dependent ellipsometric parameters based on full-field Brewster angle fitting. 
Compared to existing methods, our method is simple, and of high robustness, because the BFP 
image is fully used. The method is validated by a thin film measurement experiment. This method 
can also be applied to similar BFP imaging techniques [17], like angle-resolved reflectometry [18, 
19], leakage radiation microscopy [20] and TIRFM [21], etc.  

2. Method 

2.1 Hardware configuration 

Fig. 1(a) illustrates a system layout of ARE, which includes three parts: an illuminating source, a 
measuring probe and a detection unit. White light is collimated, transmitted through a band-pass 
filter and becomes monochromatic. After passing through a linear polarizer and reflecting on the 
beam splitter, the linearly polarized light incidents on a measurement sample with various angles 
of incidence through the objective lens. Then the light reflects with the same angles and is 
recollected by the objective lens and focused on the BFP. After passing through the beam flitter and 
analyzer (another linear polarizer), the BFP image is captured. This configuration can achieve 
ellipsometric measurement in a single shot. 

 

Fig. 1. Measurement principle of an ARE. (a) Hardware configuration, (b) 
polarization status of reflected BFP light and (c) relationship between the radius 
of BFP (r) and incident angle (θ). Incident and reflected beams are respectively 
denoted in blue and red. 

2.2 Principle of thin-film measurement with ARE 

As shown in Fig.1 (b) and (c), every radial point of the BFP corresponds to a unique reflecting angle 
from the sample. The angular range is determined by the objective lens, which is from −sin−1(NA) 
to sin−1(NA). If the complex electric field amplitude of input light is 𝐸𝑖𝑛, the output light amplitude 
is 𝐸𝑜𝑢𝑡, the ARE imaging process can be expressed as in Eq. (1): 
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where 𝐽𝑃, 𝐽𝑆 and 𝐽𝐴 are respectively the Jones matrices of the polarizer, sample and analyzer; 𝐽𝑀 is a 
reflection matrix to reorientate to the reference X-axis (see Fig. 1); R is the rotation matrix,  P and A 
represent the angles of the transmittance axes of polarizer and analyzer respectively with respect 
to X-axis; while   is the azimuthal angle with respect to X-axis; If A and P are fixed, e.g. 𝑃 = 0, 𝐴 =
𝜋/4  in this study, the output intensity 𝐼𝑜𝑢𝑡 = 𝐸𝑜𝑢𝑡 ∙ 𝐸𝑜𝑢𝑡

∗ , is a function of  incident angle θ and 
azimuthal angle  , as in Eq. (2): 
 1 20( , ) ( ) ( )sin(2 /4) ( )sin(4 ).outI                 (2) 

Thus, the angle-resolved ellipsometric parameters (ψ, Δ) can be calculated using Eq. (3-4): 
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An important step in the above process is to solve the three coefficients {𝛼 , 𝛼1, 𝛼 }. These 
parameters, considered as Fourier coefficients, can be extracted by using conventional Fourier 
transform [4, 5]. There is also another way using digital phase-shifting, considering the periodicity 
of sinusoids. For example, several phase-shifted intensity maps 𝐼𝑜𝑢𝑡( ,  +  𝑖𝑛𝑖)  as the raw 
intensity with an initial phase  𝑖𝑛𝑖  with respect to X-axis. Then phase-shifted intensity maps with 
different  𝑖𝑛𝑖 , e.g. 0, π/4, π/2, are obtained. The starting point of 𝐼  is on the Y-axis (see Fig.2 (a)). 
For a certain annular curve interpolated from a BFP image 𝐼𝑜𝑢𝑡 , {𝛼1, 𝛼 } thus can be solved using 
 0 1 0 12 ( ) 2 ( )cos(2 ),I I         (5) 

 20 0 22( ( ) ( )sin(4 )),I I         (6) 

where 𝛼  can be calculated by averaging all the intensities due to the periodicity. A thin film 
measurement example of using the ARE algorithm is illustrated in Fig. 2. Compared with Fourier 
transforms, the phase-shifting algorithm is simple.  

 

Fig. 2. The ARE measurement data of a thin film. (a) a simulated BFP image of a 
semi-infinite (Si) supported SiO2 thin film with a thickness of 13.9 nm, (b) phase-
shifted annular curves extracted at the radius of 600 pixels, and (c) the resulted 
angle-resolved spectra of ψ and ∆. 

 If the optical reflection coefficient [22] of the measured thin film sample is built, e.g.   
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where 𝑅 1 and 𝑅1  denote the boundary reflection coefficients respectively from the ambient to the 
film, and from the film to the substrate, p and s denote p- and s-polarized light, 𝜆 is the wavelength, 
 1 is a refraction angle of a beam in the thin film, the thickness d and the refractive index  1 of the 
film can thus be estimated by minimizing Eq. (8) using non-linear multivariate regression by the 
Levenberg-Marquardt algorithm[23]:  
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where the subscripts m and t represent respectively the measured and theoretical values. 
In practice, birefringence effects and oblique incidences, especially large-angle incidences on 

objective lens surfaces, produce additional ellipsometric responses [6, 24]. The additional 
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measurement uncertainties are removed by inserting a pair of compensational constants (𝛿ψ, δΔ) 

before and after the sample [4, 25]. Thus, 𝐽𝑆 in Eq. (1) is replaced by 𝐽𝐶𝑆 = 𝐽𝐶𝐽𝑆𝐽𝐶, which denotes a 
compensated Jones matrix of the objective in the following form: 
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where [tan
(ψ)𝑒𝑖∆ 0
0 1

]  is the 𝐽𝑆  in Eq. (1). The compensators (𝛿ψ, δΔ ) can be calibrated using 

standard samples, as described in [4, 25]. 

2.3 Incident angle calibration and simulation 

To apply the above ARE method for practical measurement, the relationship between the BFP 
radius r and incident angle θ must be calibrated. The configuration with high NA objective lens 
obeys the Abbe’s sine condition [26]. Thus the geometrical relation  = 𝑀𝑓sin( ) is ensured, where 
f is the focal length of the objective and M is the magnification of the imaging lens [25]. Therefore, 
the r-to-θ calibration aims to accurately define the synthetic coefficient 𝑀𝑓. 

For this purpose, a robust method with full-field Brewster angle fitting is proposed in the 
following. Firstly, we calculate the ellipsometric spectrum ψ( ) of an optical flat based on boundary 
reflectance. Then, a local quartic polynomial fitting is implemented to find the radius  𝐵  (called 
Brewster radius in the following) corresponding to the Brewster angle  𝐵  of the optical flat. Thus, 
the incident angles at various radii can be calculated using 
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where  𝑐 and    are respectively the refractive indices of the boundary material and the ambient 
(e.g. air,   = 1.0 ). Meanwhile, the polarizing angle error   , as seen in Fig.3 (a), can be calibrated 
by fitting Eq. (2), in which process   is substituted by  +   . 

 

Fig. 3. A simulation of incident angle calibration and thin film measurement. (a) 
The BFP image of a semi-infinite N-BK7 flat, (b) fitting of intensity spectrum and 
ψ  spectrum for Brewster radius (stars) and (c) angle-resolved ellipsometric 
fitting for thin film measurement. 

A simulated calibration experiment was conducted using the above method and the results are 
presented in Fig.3. The sample was a semi-infinite N-BK7 flat with a refractive index of 1.515 (at 
632 nm). The NA of the objective was 0.9, corresponding to the maximum imaging radius      of 
940 pixels. Thus, the theoretical Brewster radius  𝐵  of the sample is 871.69 pixels. An intensity 
normalized BFP image with Gaussian noise of standard deviation 0.005 was first generated, with 
which, ellipsometric spectrum ψ( ) was calculated using the proposed full-field method. Compared 
to general p-light intensity spectrum, the full-field BFP information-extracted ψ( )  show 
significantly higher signal-to-noise ratio. Therefore, ψ( )  should result to higher-accuracy 
Brewster radius  𝐵  determination. In a repetitive experiment, the ψ-extracted  𝐵  was 870.33 ±
0.   pixels, while the intensity-extracted  𝐵  was 866.03 ± 3.9  pixels. This indicates that the 
estimation errors of the proposed method are 24% and 6% respectively in terms of the mean and 
standard deviation, of that extracted using a general intensity or reflectivity-based method [15]. 
The improvements may benefit from the significant noise reduction of the asymmetrical spectra of 
fitting near the Brewster angle [27]. Using the Brewster radii, the incident angle-radius 
relationships were calibrated and the 13.9 nm thin film described in section 2.2 was measurement. 
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The measured thickness using the proposed method was 13.71 nm, the error of which is a 70% 
reduction from that using the intensity-based method. For the latter case, the measured thickness 
was 13.31 nm.   

3. Experiment and result 

3.1 Experimental setup 

The proposed method is validated with experiments by comparing the thickness measurement 
results of thin films with existing methods, and a commercial ellipsometer (J. A. Woollam M-2000). 
An experimental ARE equipment was built for this purpose. The used white light source is a 
broadband halogen fiber optic illuminator (OSL2 from Thorlabs). The collimating and imaging lens 
are achromatic doublets. A laser line filter (FL632.8-1, Thorlabs) is employed to produce quasi-
monochromatic light with center wavelength of 632.8 nm. The polarizer and analyzer are Glan-
Taylor polarizers (PGT6315, Union Optic). The objective is a NA 0.9 Olympus (M plan, semi-
apochromat, 100). The camera is a Daheng MER-500 CMOS camera.  

3.2 Incident angle calibration 

As presented in Fig. 4, three optical flats with different materials including N-BK7, fused silica 
and calcium fluoride (CaF2) were used for the incident angle calibration. The refractive indices of 
the three samples are 1.515, 1.457 and 1.433, and the corresponding Brewster angles are 56.57°, 
55.54° and 55.09°, respectively [28]. From the obtained BFP images, ψ( ) spectra were extracted 
using the proposed method. A quartic polynomial fitting of ψ within a local range from 750 to 900 
pixels was then conducted for minimum search. The above process was repeated ten times, and the 
obtained Brewster radii are 854.47 ± 0. 0 pixels,  835.56 ± 0. 0 pixels, and 833.48 ± 0.1  pixels 
respectively. Then an averaged synthetic coefficient 𝑀𝑓 = 1017.9 was obtained, with which the 
incident angle-radius relationship was finally calibrated.  

 

Fig. 4. Results of an incident angle calibration experiment. (a) ψ  spectra 
extracted from the N-BK7, fused silica and CaF2 BFP images and a BFP image of 
a 1 mm thick N-BK7 plate, (b) local fitting of ψ spectra for Brewster radius search 
and (c) the calibrated relationship between r and θ using the three samples. 

3.3 Thin film measurement validations 

Before the experiments start, the additional ellipsometric response caused by birefringence 
effects and large-angle incidences of the high NA objective was calibrated, as described in [24]. A 
compensation matrix 𝐽𝐶  was obtained by using four standard SiO2 thin films as the calibration 
artefacts. These standard thin films are pre-calibrated by Filmetrics Ltd. and their parameters are 
in the following: nSiO2 = 1.457, nSi = 3.8811, kSi = 0.0194 with thicknesses of 13.9 nm, 26.8nm, 52.6nm 
and 108.5nm.  

Several SiO2 thin films (with p-type Si (<100>) as the substrate) with thickness ranging from 
10nm to 100nm were then measured using both the proposed method and existing methods, e.g. 
the maximum radius method [12] and intensity-based method [13], following the same procedures 
as presented in Fig.5. The relationship calibrated by the intensity-based method was calculated by 
fitting local data from 750 to 900 pixels. The range of   was set from 20° to 60° (~500 data 
points)for nonlinear fitting [23]. The calculated maximum radius was 929.2 pixels. So the synthetic 
coefficient was 𝑀𝑓 = 103 .4  calculated by the maximum radius method and 𝑀𝑓 = 10 8.7  for 
intensity-based method. With the above calibrated relationship, the final measured thicknesses 
with ten repetitive experiments were list in Table 1. Compared to the reference values, the errors 
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of our method were within 1 nm. And the mean error was 26.4% and 25.2% respectively of that 
obtained using the maximum radius method and intensity-based method. 

 

Fig. 5. A thin film measurement process using ARE (left) and typical results 
(right): (a) the captured BFP image, (b) radius-dependent ellipsometric 
parameters, (c) the angle-dependent ellipsometric parameters and (d) fitting 
results of three methods. 

Table 1. Thin film thickness measurement results using a home-made ARE. 

Sample (Nominal 

Thickness / nm) 

Reference 

Thickness 

(J. A. W 

M-2000) 

Proposed Method 
Maximum Radius 

Method 

Intensity-Brewster 

Angle method 

Thickness 
Mean 

error 
Thickness 

Mean 

error 
Thickness 

Mean 

error 

Sample 1 (12.5) 13.9 14.58 ± 0.1  0.68 15.80 ± 0.09 1.90 15.85 ± 0.10 1.95 

Sample 2 (20) 23.45  3.17 ± 0.15 0.28  5.34 ± 0.1  1.89  5.0 ± 0.1  1.57 

Sample 3 (50) 44.34 43.80 ± 0.08 0.54 41.95 ± 0.09 2.39 41.86 ± 0.07 2.48 

Sample 4 (100) 97.99 98.3 ± 0.1  0.33 97. 4 ± 0.1  0.75 96.74 ± 0.13 1.25 

4. Discussion 

The proposed calibration method was confirmed by thin film measurement results. As we 
mentioned in the simulation part, our method benefited from the noise reduction of both the 
asymmetrical spectra ψ( )  near the Brewster angle and full-field BFP image compared to the 
intensity-based method. The maximum radius of BFP image was calculated by Hough transform 
circle detection and edge detection. Since the incident light was linearly polarized, there existed an 
s-polarized light and a p-polarized light in collected reflected light (see in Fig.6). The intensity curve 
of s-polarized light showed a straightforward edge, while the curve of p-polarized light showed an 
ambiguous edge. And the position of edge extracted from s-polarized light was around 913 pixels, 
while from p-polarized light was around 933 pixels. The BFP image was more like an ellipse which 
resulted in inaccuracy of maximum radius, while we avoided that error in our method. Thus, our 
method showed better performance compared to the above two methods. 

Despite compensation the difference with reference thickness was more than 0.2 nm. The 
possible causes of difference will be discussed below.  

The extinction ratio of the used polarizer and analyzer was greater than 200000:1. They 
produced extremely pure linear polarization. But non-ideal characteristic of other optical 
components generated errors, like the beam splitter due to the dielectric beam splitter coating. The 
measured ellipsometric parameters were ψ = 44.8°, Δ = −183.9~ − 183.4° for reflection and ψ =
45.3°, Δ = 1 . ~13.1°  for transmission according to the previous research[29]. Besides, the 
obliquely incident light passing through the analyzer could resulted in a difference between the 
peripheral and the center of the BFP. Jin et al.[30] established a polarization imaging model for 
polarization imaging system with obliquely incident linearly polarized light. But for elliptically 

Step 1

Data 

acquisition

Step 2

(Ψ(r),∆(r))

calculation

Step 3

r-θ transform & 

  compensation

Step 4

nonlinear 

fitting

measurement process

The proposed method 

Maximum radius method 

Intensity-based method 

(a) (b)

(c) (d)The proposed method 

Maximum radius method 

Intensity-based method 



polarized light, the imaging model is to be developed. Therefore, if the polarization effect of the 
beam splitter in both illumination part and detection part are well calibrated and the imaging error 
are corrected, the accuracy of measurement will be improved.  

 

Fig. 6. S-polarized light and p-polarized light extracted from BFP image of Fig. 
4(a). The dotted lines were the corresponding edge positions. 

5. Conclusion 

In this study, we propose a simple and robust incident angle calibration method for ARE and 
similar BFP imaging-based techniques, without expensive tools or complex operations. Firstly, 
radius-related ellipsometric spectra (ψ( ), Δ( )) are extracted from the BFP image of an optical flat 
of calibration. The radius corresponding to the Brewster angle  𝐵  of the flat material is then 
calculated, using which incident angles are mapped to BFP radii based on the Abbe’s sine condition. 
The method is validated using simulation and thin film measurement experiments. Both of them 
demonstrate that the proposed method reduces the Brewster angle calibration error and 
subsequent thin film measurement error by about 75% from that of the existing intensity-based 
method and maximum radius method. 
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