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Abstract 9 

This paper proposes to deal with the co-existence of mixed aleatory and epistemic uncertainties in wind 10 
turbine geared systems for more reliable and robust vibration analysis. To this end, the regression-based 11 
polynomial chaos expansion is employed to track aleatory uncertainties and the polynomial surrogate 12 
approach is developed to treat the epistemic uncertainties. This non-intrusive dual-layer framework 13 
shares the same collocation pool, which is extracted from the Legendre series. Moreover, the regression 14 
technique has been implemented in both layers to enhance calculation efficiency. Numerical validation 15 
is carried out to show the effectiveness of the proposed method. New vibration behaviors of the geared 16 
transmission system are observed and the mechanism behind is discussed in detail. The findings of this 17 
paper will contribute to the insightful understandings of such wind turbine gear systems under hybrid 18 
uncertainties and are beneficial for the condition monitoring.  19 
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1. Introduction 21 

Wind energy is identified as a major source of clean and renewable energy currently and wind turbine 22 
technology has been the primary research topic of many researchers [1, 2]. In some countries, wind 23 
power plants become the fundamental infrastructures to convert the kinetic wind energy to reusable 24 
storages like electricity. Generally, a wind turbine system consists of the blades, gear transmission and 25 
generator, all of which operate with rotating motions. As such a complicated mechanical system that 26 
involves a lot of rotary parts, reliability and operation efficiency are important performance indicators 27 
due to long service life and hash working environment. For example, researchers proposed to focus on 28 
the dynamic reliability analysis [3], reliability-based design optimization of blades [4] and power curve 29 
fitting [5]. Many premature faults will appear causing severe failure or malfunctions of the system, such 30 
as misalignment [6, 7] and crack faults [8]. Thus, comprehensive and robust dynamic assessment  is 31 
mandatory to enrich the necessary knowledge of the designers and engineers, which is beneficial for 32 
gaining insights of the dynamic behaviors of wind turbines and condition monitoring [9]. Actually, a 33 
wind turbine has to pass critical dynamic tests to be qualified for deployment.  34 
  Although the deterministic dynamic analysis of wind turbine gear transmission systems is becoming 35 
mature, attention to include uncertain factors in such investigations has not been sufficiently paid. Yet, 36 
in a complex system like wind turbine, uncertainty is inevitable due to a variety of reasons [10-12]. The 37 

 
† Corresponding author: lukuan@nwpu.edu.cn 



2 
 

errors in manufacture and assembling status, material degradation in long service time, variable external 38 
loads caused by wind fluctuations and progressive faults like wear will all bring variabilities to key 39 
physical parameters [13, 14]. In turn, the dynamical behaviors of the wind turbines will become 40 
uncertain and the pure deterministic evaluations are incapable of providing objective results [15-17]. 41 
Generally, uncertainties in a mechanical system can be categorized into two types, i.e., the aleatory or 42 
objective uncertainties and the epistemic or subjective uncertainties. The difference between the two 43 
categories mainly lies in if there is sufficient probability measure to model them. The aleatoric variable 44 
comes from natural and unpredictable variations in a system, which cannot be eliminated by learning 45 
more information, i.e., it is irreducible. However, there are often sufficient prior statistics to govern 46 
them into specific probability laws. On the contrary, the epistemic uncertainties arise usually from the 47 
lack of necessary knowledge of engineers. In such case, people cannot find accurate probabilistic model 48 
to confidently describe them. Alternatively, they are mathematically defined as non-probabilistic or 49 
fuzzy quantities depending on if there is partial information available. To be more specific, the aleatoric 50 
uncertainties are commonly treated as random variables while the epistemic uncertainties are often 51 
taken as interval variables. Researchers have applied several methodologies to take the parametric 52 
uncertainties into consideration. Avendaño et al. [18] proposed the Gaussian mixture random coefficient 53 
model based on the vibration responses to detect damage in an active wind turbine with uncertainty. 54 
The polynomial chaos expansion (PCE) is used to quantify the effects of uncertain quantities on the 55 
gearing system dynamic response [19]. Guerine et al. [20] further extended the PCE for the investigation 56 
on uncertain friction coefficient in a wind turbine gear system. Wei et al. [21] investigated the non-57 
probabilistic dynamics using an interval model based on the Chebyshev approximation theory. Wei et 58 
al. [22] also carried out an experimental test to validate the interval analysis results. Random interval 59 
numbers are introduced into the numerical studies by Wang and Zhang [23]. These fruitful 60 
investigations provided insights of dynamical uncertain behaviors under either probabilistic or interval 61 
uncertainties. However, very few researches focus on the co-existence of both aleatory and epistemic 62 
uncertainties in the same system, which can be a practical occasion [24].  63 
  Surrogate modeling has been a cutting-edge methodology in uncertainty analysis and optimizations of 64 
mechanical systems [25, 26]. Computer models of mechanical systems often have many inputs and 65 
outputs, indicating that they may be expensive to evaluate if the scale is large. The work-around solution 66 
is to establish surrogate models that require a few runs only which is affordable. They serve as a cheap-67 
in-cost proxy to the source system with the core relationship between the inputs and outputs reserved. 68 
Moreover, the deterministic numerical model can be used as a black box, which is characterized as non-69 
intrusive. Slot et al. [27] constructed a surrogate model for reliability analysis for wind turbines based 70 
on the polynomial chaos and Kriging techniques, where fatigue assessments were used to train the 71 
surrogate models. Murcia et al. [28] used the polynomial surrogate to investigate the energy production 72 
and life equivalent fatigue loads for a 10MW wind turbine with the consideration of real atmospheric 73 
conditions. In this paper, we are motivated to investigate the combined effects of the aleatory and 74 
epistemic uncertainties on the dynamic behaviors of a wind turbine geared transmission system. A two-75 
stage hybrid uncertainty quantification framework is developed based on the surrogate modeling for 76 
both types of variabilities. They share the same collocation pool, which is extracted from the Legendre 77 
quadrature interpolations. Moreover, the regression technique is applied in both layers to enhance the 78 
calculation efficiency. Many numerical cases are provided for comprehensive evaluations.  79 
  The rest of the paper is organized as follows. In Sect. 2, the two-layer hybrid uncertainty framework 80 
is formulated based on the non-intrusive surrogate modeling. The validation method for the proposed 81 
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approach is explained in Sect. 3. The deterministic wind turbine geared system is modeled in Sect. 4 as 82 
well as classification of its uncertainties. In Sect. 5, a validation to the performance of the hybrid method, 83 
numerical results and discussions are provided. Finally, the concluding remarks are given in Sect. 6. 84 

2. Dual-layer hybrid uncertainty analysis framework based on unified collocations 85 

In this section, the two-stage hybrid analysis method will be detailed using unified collocations that are 86 
predefined. First, the basics of the orthogonal Legendre polynomials are described. Then, the aleatory 87 
uncertainty is treated based on the non-intrusive regression based PCE. The epistemic uncertainty will 88 
be analyzed at last to postprocess the statistics obtained from the previous calculation.  89 

2.1. Basics of the orthogonal Legendre polynomials  90 

Legendre orthogonal polynomials are useful in many fields and serve as a powerful tool, especially in 91 
function approximation and numerical quadrature. They are derived from the Legendre equation and 92 
the expression is 93 
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The three-term recursive formulation of them in one dimension can be given by 95 
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  Generally, the Gauss-Legendre quadrature is used to approximate uncertain functions based on the 99 
interpolation points, which are the zeros of Legendre polynomials. However, the deduction and solution 100 
process are tedious. Herein, we are only interested in the quadrature points to form an uncertain sample 101 
pool to be used by algorithms described afterwards. According to definition, the Legendre interpolations 102 
are the solutions of the following equation 103 

  1| ( ) 0k kx P x X  (4) 104 

There is no explicit and unified expression for the roots of the above equation for different orders. 105 
However, they can be obtained easily with numerical software available if the desired order is specified 106 
since the expression is known. Please note that these roots may be calculated only once and stored to 107 
use repeatedly. For convenience, we provide the roots of the equation up to order 5 in Table 1. For most 108 
of the problems, low order interpolations will be enough. Moreover, the waveforms of the first six 109 
Legendre polynomials are plotted in Fig. 1 for more intuitive interpretations.  110 
The multi-dimensional Legendre polynomials can be obtained by a tensor product of the counterparts 111 
of one-dimensional polynomials, which are expressed by 112 
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   (5) 113 

Correspondingly, the quadrature pool should be a tensor grid matrix for every single dimension, which 114 
can be defined as 115 
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  Next, we will establish the dedicated algorithms to track propagations of both the aleatory and 117 
epistemic uncertainties using the quadrature points produced here. 118 

   Table 1. Legendre quadrature points for different orders. 

Order Legendre quadrature points 

0 0  

1 0.5773502692  

2 0 , 0.7745966692  

3 0.8611363116 , 0.3399810436  

4 0 , 0.9061798459 , 0.5384693101  

5 0.9324695142 , 0.6612093865 , 0.2386196861  

 119 

 120 

Fig. 1. Waveforms of the first five Legendre polynomials. 

2.2. Regression-based polynomial chaos expansion for aleatoric uncertainty 121 

In this subsection, the regression based PCE is introduced to quantitively analyse the effects of aleatoric 122 
uncertainty in mechanical systems. The Legendre interpolation pool explained previously will be used 123 
as the collocation pool. Therefore, the probability measure for the uncertainties matches the uniform 124 
distribution according to the PCE [29-31]. The PCE is a spectral decomposition method which 125 
approximates stochastic variable or process with orthogonal polynomials. Moreover, the uncertain 126 
output of the system is represented by sums of orthogonal series in the same way. This transforms the 127 
uncertain problem with expensive black-box deterministic models into a set of discrete evaluations at 128 
collocations. The non-intrusive implementation also avoids the complicated deduction of the Galerkin 129 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
x

-1

-0.5

0

0.5

1

P
(x

)

P
0
(x)

P
1
(x)

P
2
(x)

P
3
(x)

P
4
(x)

P
5
(x)



5 
 

projection process. Let ( ,  )y W    be the wind turbine geared system model, where 130 

1 2{ ,  ,  ,  }d     is the collection of aleatoric uncertain parameters and   represents all the other 131 

physical parameters that remain constant. The PC representation of the dynamic response output y of 132 
the wind turbine geared transmission system can be given as 133 
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            (7) 134 

and in compact way as 135 

  ( ) =W 
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 k k
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 (8) 136 

where  k  is the PC coefficients to be determined,  dk  denotes the multi-dimensional indices and 137 

 k  represents the Askey scheme of orthogonal polynomials, which is the Legendre polynomials in 138 

the current study for uniform distributions [32]. Therefore,  k  is actually calculated by Eq. (5).  139 

  For practical implementation, only finite order expansion is feasible and then the Eq. (8) is truncated 140 
to a desired order r, which can be denoted by 141 

  
1

( ) = ,   and dW r    k k
k

k k  (9) 142 

in which 
1
  means the norm. There are several ways to calculate the PCE coefficients, including 143 

intrusive and non-intrusive ones. The latter is of interest because the wind turbine model can be treated 144 
as a black box and the difficult mathematic derivations can be skipped. According to Eq. (9), the number 145 
of terms is given as 146 
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where r, d and N1 are the PC order, the number of polynomials and aleatoric parameters, respectively.  148 
  The regression technique is a robust tool here to non-intrusively estimate the PC coefficients. The 149 
collocations used in the regression can be generated by the Sobol sequence or Latin hypercube sampling. 150 
Here, the experimental design is accomplished using the sampling pool established in Eq. (4) or (6). 151 
More specifically, all the parametric candidates expressed in Eq. (4) are introduced in one-dimensional 152 

problems. For multi-dimensional problems, if the number of samples given in Eq. (6), which is ( 1)dr  , 153 

is less than 2(N+1) then all the samples defined in Eq. (6) are used as collocations. Otherwise, 2(N+1) 154 
of them will be extracted into the regression scheme. This strategy enhances the efficiency in multi-155 
dimensional uncertain problems and guarantees enough precision. Thus, the number of unknowns is 156 

not necessarily the same as the number of equations. Assume N    collocations are chosen finally, the 157 
following minimization problem arises [33] 158 
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where iy  is the model output at the i-th collocation, indicating that the deterministic wind turbine gear 160 

transmission model will run at each collocation with the aleatoric parameter being specified to current 161 
collocation i  to obtain the sampled dynamic response. Finally, the PC coefficients are estimated as 162 

 1= ( )T TH H H y  (12) 163 
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with H  and y  being the transform matrix whose elements are values of polynomial chaos evaluated at 164 

collocations and model output vector, which can be expressed as 165 

 1= [ ,  ,  ,  ]T
2 Ny y y y   (13) 166 
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 (14) 167 

When all the PC coefficients are solved, the statistic moments of the model can be obtained by post 168 
processing the coefficients. The arbitrary order statistic moment is calculated by 169 

  
2

= ( ) ( ) ( )k k
y y p d p d  
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 (15) 170 

The first two orders, i.e., ensemble mean and variance, are often of interest and can be given by 171 

 

1
0

2 2 2

1

( )

y

N

y i i i
i

 

 


 



 






 
 (16) 172 

where   represents the inner product. In the following, the epistemic uncertainty will be 173 

investigated and the response statistic moments will be the new quantities of interest.  174 

2.3. Least-term polynomial surrogate approach for epistemic uncertainty 175 

For the epistemic uncertainty, the non-probabilistic descriptions will be used in this paper due to limited 176 
statistic information available. Among them, the interval model is an excellent choice which requires 177 
the distribution ranges only. Wu et al. [34] proposed the Chebyshev inclusion function to study various 178 
interval uncertainties in vehicle systems. Fu et al. [35] used the Legendre polynomial surrogate 179 
modeling to analyze the effects of interval uncertain parameters on the vibrations of misaligned rotor 180 
systems. These methods are transparent in deduction and easy to adapt to different types of dynamic 181 
problems. Most importantly, they work non-intrusively. Here, we take the statistics obtained from the 182 
previous section to be the quantities of interest to combine the hybrid uncertainties. As expressed in Eq. 183 
(16), we denote the statistic moments by   which could be of any order. If the epistemic uncertainties 184 

can be expressed by a vector 1 2{ ,  ,  ,  }m    , the unknown relationship between the statistics 185 

input and interval output can be approximated by the weighted sum of sequential simplex polynomials. 186 
To avoid tensor grid polynomials structure, we delete the terms with the same order in a way similar to 187 
the PCE. The least-term polynomial surrogate truncated by p order is given as 188 

 1 2

1 2 1 2 1 2 1 2

1 2 1 2

0 1, 2, 2,
1 1 , 

( ) ( ) m

m m

m

jj jI
i i i i i i i i i i i i

i m i i m j j j p

f          
       

        


    (17) 189 

or in compact form  190 
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where j   is the coefficient vector for order j and ( )j   is the corresponding polynomial basis. It 192 

should be noted that j  and ( )j   are the rearrangements of the same order terms and they have the 193 

same number of elements although it is not true for different orders. ( )j   has the following expression 194 

 0 ( ) 1   (19) 195 
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Interestingly, the number of terms in Eq. (18) is 200 

 2

( )!
+1=

! !

m p
N

m p


 (23) 201 

where 2N  is the number of polynomials. The same procedure applies to the current problem as detailed 202 

in previous section. Assume N    collocations are chosen finally. Note that if the order is the same for 203 

the two layers, i.e., p r , then N N   and the exact collocations will be used for both the aleatoric 204 

and epistemic surrogate models. In order to determine the unknown coefficients 0 1= ,  ,  ,  ]p[    , 205 

the following minimization problem arises  206 
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where ju  is the model output at the j-th collocation, indicating that the statistics will be collected at 208 

each collocation with the epistemic parameter being specified to current collocation j . Finally, the 209 

surrogate coefficients are estimated as 210 

 1= ( )T TS S S   (25) 211 

where 
2( 1) SN N  and N  being the transform matrix whose elements are values of simplex polynomial 212 

evaluated at collocations and relevant statistics vector, which can be expressed as 213 
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 (27) 215 

Then, the surrogate is finalized by its coefficients. To derive the ranges of statistics, the scanning or 216 
optimization method can be applied. It should be easy and economic because of the simplex form of 217 
the surrogate and all the constraints of epistemic uncertainties are on standard intervals. The direct 218 
scanning of the surrogate model is used in our paper: First, the intervals of parameters are evenly divided. 219 
Second, the deterministic model is evaluated at these parametric samples. At last, the bounds are 220 
obtained by finding the maximum and minimum values of the response samples.  221 
The aleatoric-epistemic hybrid uncertain problem can be analyzed using the above derived PCE-PSA 222 
regressions. As we can see, simplex polynomials are used in the PSA and the unknown coefficients are 223 
solved by the help of Legendre collocations, which simplifies the deduction and also brings much 224 
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convenience in programming. However, it should be noted that in the epistemic solution part no 225 
probability measure applies. Compared with the pure polynomials, the Legendre series can keep a good 226 
probability structure as indicated in PC theory that optimal polynomials corresponding to specific 227 
probability laws. That is why we do not replace the Legendre polynomials in the PCE with pure 228 
polynomials as in the PSA. In order to provide a clear working flow of the proposed method, a detailed 229 
flowchart is given in Fig. 2 covering both the two main blocks and their interactions.  230 
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 231 

Fig. 2. Computational flow of the proposed hybrid framework. 

3. Validation method of the hybrid framework 232 

There are a couple of classical methods that can be used as references to the constructed hybrid model. 233 
For a common practice, we can split the epistemic uncertainty into many equal subintervals and sample 234 
in each of them to make sure the main characteristics of the response distributions are captured. This 235 
process needs no probability measure and can achieve any degree of precision by increasing the number 236 
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of subintervals. It is referred as the scanning technique in non-probabilistic modeling. For the aleatory 237 
uncertainty, the MCS can be used to provide reference solutions given that the probability model has 238 
already been known. Then, the hybrid reference calculation frame can be called the Scanning-Monte 239 
Carlo Simulation (SCN-MCS) method. If 1 1n   non-probabilistic candidates are drawn for the 240 

epistemic uncertainty bounded in [a, b], they can be expressed as 241 

 1
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Likewise, for the aleatory uncertainty who follows ( , )U c d , if 2n  probabilistic candidates should be 243 

used they are obtained via random function as 244 
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where { }j  are 2n  basic uniform random variables generated in ( 1, 1)U  .   246 

  For each of the non-probabilistic candidates, a complete simulation with all the probabilistic 247 
candidates should be done to derive the sample statistical moments of dynamic response, i.e., a tensor 248 
network of hybrid candidates is established as 249 
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  (30) 250 

The deterministic numerical model will need to run at all the parametric network candidates expressed 251 
in Eq. (30). Subsequently, a response matrix can be obtained as 252 
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 (31) 253 

From Eq. (31), we are able to derive the ensemble mean and variance of the response at each of non-254 
probabilistic candidates. 255 
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 (32) 256 

Thus, the reference solutions can be produced by determining the maximum and minimum statistical 257 
moments at all the non-probabilistic candidates. 258 

4. Wind turbine gear system and its uncertainties 259 

4.1. Deterministic model  260 

A wind turbine gear transmission system mainly consists of the blades, gear system and the generator, 261 
as shown in Fig. 3. The blades are driven by wind and provide driving torque to the transmission system. 262 
The pinion-gear pair serves as transmission block and the generator acts as load and motor. They are 263 
connected by two main shafts supported by bearings and their moments are integrated into those of the 264 
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pinion and gear. Pure torsional vibration is of interest in this study. Therefore, the lateral displacement 265 
is not taken into consideration [36]. When in meshing process, spring-damper model can be used to 266 
provide damping and stiffness to represent the gear pair interaction. The total mesh stiffness between 267 
the pinion and gear is expressed by the Fourier expansion to simulate its time-varying effect [21, 37] 268 

  0
1

sin cos
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m
s p c p

i

K K K i n t K i n t 


    (33) 269 

where 0K  is the average mesh stiffness, sK  and cK  are the expansion coefficients. kN  represents the 270 

desired expansion order and t is the time.   denotes the rotating speed of the blades and pn  is the 271 

number of teeth of the pinion. Low order expansion usually can satisfy the requirement. Similarly, the 272 
dynamic transmission error can be described by 273 
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j

e e e j t e j t 


    (34) 274 

where 0e  defines the static transmission error, se  and ce  are the Fourier expansion coefficients. eN  is 275 

the approximation order. The components with order higher than 0 represent the time variant factors.  276 
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Fig. 3. Wind turbine gear transmission system.  

  Denote the torsional displacements and moments of inertia of the blades, pinion, gear and motor as 278 

1 2 3 4,  ,  ,       and 1 2 3 4,  ,  ,  I I I I . The length of the driving shaft is L1 and that of the driven shaft L2. 279 

The radii of the pinion and gear are Rp and Rg. The equations of motion of the wind turbine gear system 280 
can be given as [37] 281 
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where a dot over notations means derivation with time, bT  and gT  are the torques of the blades and 284 

generator. 1
sK  and 2

sK  are the torsional stiffness of the two shafts, which can be determined by  285 
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 (36) 286 

with 1R , 2R ,  E  and  v  being  the radii of shaft 1 and 2, Young’s modulus and Poisson’s ratio.  287 

The 1
sC , 2

sC  and mC  in Eq. (35) are the damping of shaft 1, shaft 2 and mesh damping defined as 288 
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where s  and m  are the damping ratio of shaft and meshing. The moments of inertia of the pinion and 290 

gear are calculated as 291 
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in which  , w , M , gn  and   are the density, effective tooth width, module, number of teeth of gear 294 

and pressure angle, respectively. The dynamic mesh force between pinion and gear is defined by  295 

 2 3 2 3( ) ( )m m
p g p gF C R R e K R R e            (40) 296 

and the root mean square of it can be obtained by 297 

 2

1

1
RMS

D

F i
i

f
D 

   (41) 298 

where D  and if  are the length and i-th element of F. The ordinary differential equations expressed in 299 

Eq. (35) can be numerically solved by the variable-step Runge-Kutta integration method. For the 300 
deterministic system, the physical parameters are given in Table 2. Unless stated otherwise in different 301 
cases, these values are used for the numerical studies.  302 

Table 2. Physical model of the geared transmission system. 

Description Value Description Value 

Young’s Modulus, 2N / m   210 Moment of inertia of blades, 2kg m  0.0084 

Poisson’s ratio 0.3 Moment of inertia of generator, 2kg m  0.028 

Density, 3kg/m   7800 Damping ratio of shaft 0.05 

Radius of shaft 1, m 0.015 Damping ratio of mesh  0.1 

Length of shaft 1, m 0.16 Averaged mesh stiffness, N / m  81 10   

Radius of shaft 2, m 0.015 Static transmission error, m 55 10  

Length of shaft 2, m 0.25 Static torque from blades, N m  180 

4.2. Uncertainty classification  303 

As identified previously, the wind turbine gear transmission system can admit various dispersions. The 304 
sources include but not limited to imperfection of physical model, manufacture or assemble errors, wear, 305 
material degradations and variable external conditions. It is mandatory to consider those uncertainties 306 
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for gaining robust dynamic analysis and reliable condition assessment. Herein, we classify the most 307 
important uncertain parameters and give them mathematical formulations to facilitate evaluations based 308 
on algorithms developed in Sect. 2. In practical engineering, it is quite difficult to accurately define the 309 
actual damping of a wind turbine system due to many reasons and it affects the vibration amplitudes 310 
greatly. In such circumstance, we use aleatory variable to describe its variability [38], i.e., probability 311 
measure. Then, according to the theory in Sect. 2.2, the shaft damping ratio is defined as  312 

 = (1+ ),  ~ ( 1,  1)s s U    


 (42) 313 
where s


,   and    are the deterministic value, random coefficient and standard random variable, 314 

respectively. Eq. (42) enables the PCE to handle the physical aleatoric damping ratio by projecting it to 315 
a basic stochastic variable as described in Sect. 2.2. Similarly, the material dispersion of density can be 316 
modeled in this way. Moreover, the transmission error can be influenced by many factors and exhibits 317 
random behaviors [38, 39]. Taking all these aleatory quantities together and applying the same rule, we 318 
can get a vector of aleatory uncertainties expressed by their deterministic values and random portions 319 
given by the product of the coefficients and standard random variables. That gives the random quantities 320 
modeled in Eq. (8) as 321 

 1 2= (1+ ),  ,  ,  ,  ]

~ ( 1,  1),  1,  2,  ,  
d

i U i d

  


 
  






  
 (43) 322 

where  , 

  and   denotes the aleatory vector, its deterministic vector and the variability coefficient 323 

vector, respectively. Now, Eq. (8) can be directly applied to the wind turbine system. 324 
  The shaft stiffness of the geared system is affected by assemble states, shaft materials and wear. Yet, 325 
it is not precisely defined due to lack of knowledge as such no built probability law is available to 326 
govern its distribution. We use epistemic variable to describe it with interval model as 327 

 (1 ),  [ 1,  1]IE E     


 (44) 328 
where superscript I specifies an interval variable.  E


,   and   are the deterministic value, deviation 329 

coefficient and standard interval quantity. Likewise, the moments of inertia, torque on the system and 330 
average mesh stiffness can be defined in this way [40]. A vector of epistemic uncertainties can be given 331 

 
I

1 2= (1+ ),  [ ,  ,  ,  ]

[ 1,  1],  1,  2,  ,  
m

j j m

  

 
   

B B 




 
 (45) 332 

in which B


,   and   are the deterministic vector, deviation vector and standard interval variable 333 

array, respectively. Eq. (45) allows the derivation of Eq. (18).  334 
  As the main theories are associated with the wind turbine geared transmission system, the numerical 335 
investigations will be detailed in the next section. 336 

5. Numerical results and discussions 337 

In this section, the numerical simulations of the wind turbine geared system are carried out for various 338 
conditions based on the previously explained hybrid methodology. Dynamic behaviors are discussed in 339 
detail when the system is subject to parametric variabilities. To begin with, validations of the proposed 340 
method are carried out to demonstrate its effectiveness. Then, the numerical cases are comprehensively 341 
investigated and compared considering many kinds of uncertainties with typical level of deviations in 342 
terms of the system geometries, material properties, boundary conditions and loads. It should be noted 343 
that the degree of uncertainty can be set based on individual requirements empirically or experimentally. 344 
The surrogate models can deal with arbitrary ranges of uncertainties.  345 
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5.1. Verification of the proposed method  346 

Precision and efficiency are the two main aspects in evaluating uncertain problems. Practically, there 347 
are no such methods that can give solutions highly accurate and at the same time maintain extremely 348 
efficient. Researchers always try to obtain a trade-off between the two factors. Thus, the accuracy of 349 
the proposed method should be tested as the computation efficiency has been enhanced. Generally, the 350 
conventional large volume sampling-based methods are used to produce reference solutions to verify 351 
the precision of newly developed calculation algorithms. They are deemed to be accurate enough if the 352 
number of samples used is significant. In turn, significant number of samplings will greatly increase the 353 
simulation cost, decreasing the calculation efficiency tremendously. Moreover, they are incapable of 354 
dealing with the high-dimensional uncertain problems if the physical system under study is costly itself.  355 
As stated previously, the massive-sampling-based methods are very expensive to use due to the repeated 356 
calls of the original dynamic model, which is especially true when involving hybrid uncertainties. Thus, 357 
it is more economic to compare the bounded statistical moments at finite discrete revolution speeds. In 358 
this case, we calculated the results, as shown in Table 3, for six carefully chosen speeds based on the 359 
hybrid framework established in Section 2 and the validation method described in Section 3. The 360 
considered uncertainties are 3% epistemic variation in the moment of inertial of blades and 5% aleatory 361 
fluctuation in the shaft damping ratio. The listed rotating speeds cover the resonant speed as well as 362 
speeds before and after the resonance. In solving the reference results, 20 equal-spaced samples are 363 
used for the epistemic uncertainty and 500 are used for the aleatory uncertainty. It is demonstrated in 364 
Table 3 that the bounds of the first two statistics from the two methods are in good agreement. The 365 
intervals of mean dynamic response from the proposed method and reference solutions are almost 366 
identical and the difference between intervals of variance is small. It should be noted that the MCS has 367 
low convergence rate with uniform distributions compared with the other probabilistic models, 368 
especially for the variance. That explains why the errors of response variance is larger than the mean. 369 
Overall, the errors of the developed method are trivial, which shows the validity. On the other hand, the 370 
simulation time of the proposed method is much shorter than the reference method. It is due to the much 371 
less calls required to the deterministic numerical system.  372 

Table 3. Comparison between results obtained from the proposed method and SCN-MCS test. 

Revolution Speed 

(rpm) 

Interval Mean (N)  Interval Variance (N) 

Proposed method SCN-MCS  Proposed method SCN-MCS 

1000 [2678.21, 2684.99] [2678.21, 2684.98]  [0.0022, 0.0087] [0.0021, 0.0090] 

1050 [2697.83, 2720.53] [2697.83, 2720.46]  [0.0552, 0.5258] [0.0558, 0.5379] 

1100 [2758.19, 2835.85] [2758.22, 2835.31]  [3.4139, 30.6211] [3.3821, 31.3976] 

1145 [2895.70, 2928.98] [2894.67, 2929.08]  [114.394, 189.903] [114.761, 193.387] 

1200 [2732.08, 2798.31] [2731.97, 2798.35]  [1.2557, 12.9478] [1.3988, 12.7953] 

1250 [2689.27, 2710.61] [2689.26, 2710.61]  [0.0140, 0.3131] [0.0144, 0.3085] 

5.2. Investigations with hybrid uncertainties  373 

In this subsection, the effects of hybrid aleatory and epistemic uncertainties under different deviations 374 
on the dynamic behaviors of the wind turbine gear transmission system are investigated. In addition, 375 
three cases with either pure aleatory or epistemic uncertainty are provided. For different simulations, 376 
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all physical parameters of the system are their nominal values, i.e., deterministic, except for the chosen 377 
uncertain variables. By this way, the separate influences of them can be found.  378 
  First, the uncertain shaft damping ratio of the transmission system, s , is studied with incremental 379 

deviation coefficients from 1% to 10%. The waterfall plots of the steady-state amplitude statistical 380 
moments, variation coefficient and revolution speed are shown in Fig. 4. It is illustrated in Fig. 4(a) that 381 
pure aleatory uncertainty will not cause any deviations to the mean dynamical response, which is proved 382 
by the identical curves for all uncertain coefficients of shaft damping ratio. In other words, the aleatory 383 
uncertainties will exhibit their effects on the response variance, as evidenced by Fig. 4(b). We can notice 384 
that with the increasing of deviation coefficients, the variances of the amplitude-frequency response 385 
increase. Moreover, the variance concentrates on the resonant ranges and is close to 0 for other 386 
revolution speeds. It is naturally such way because the damping only affects the vibration amplitude at 387 
resonance in linear systems from a structural dynamics point of view. Similar features have been found 388 
the lateral vibrations of rotor systems under damping uncertainty [41, 42]. 389 
  The properties of materials will be dispersive due to manufacturing error and natural degradation, 390 
which can have critical influences on the mechanical characteristics of components. Fig. 5 plots the 391 
variance of the RMS of the dynamical mesh force when the density of shafts has 5% aleatory uncertainty. 392 
The mean response is the same as in Fig. 4(a) and will be omitted here. From Fig. 5, it can be observed 393 
that the uncertainty in density has effects in a wider speed range compared with uncertain damping ratio, 394 
although they both show critical influences near resonance areas. A unique phenomenon that has not 395 
been reported in literatures is noticed for the case of uncertain density, i.e., the variance of dynamic 396 
response is bimodal for single system resonance. It reflects the fact that the deviation of deterministic 397 
amplitude-frequency of the transmission system goes up as the speed approaches the resonance. Then, 398 
it sharply drops to nearly 0 right at the resonant speed, i.e., the system will exhibit little variability at 399 
the critical speed. Afterwards, the variance increases significantly to the level before the resonant speed. 400 
The above fact indicates that the amplitude of dynamic response at resonance will not be deviated by 401 
the aleatory uncertainties in density.  402 

 403 

(a) 
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 404 

 405 

Fig. 4. Stochastic dynamic mesh force RMS with various level of aleatory uncertainty in shaft damping 
ratio-3D plots of the mesh force RMS, uncertain coefficient and revolution speed: (a) Mean, (b) Variance. 
 

 406 

Fig. 5. Variance of dynamic mesh force RMS with 5% aleatory uncertainty in density. 
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  Next, we treat the epistemic uncertainty in geometrical properties of the system. Specifically, the 407 
length of shaft 2 is studied. The deviation degree is set to 10% and the relevant response bounds are 408 
given in Fig. 6 with the deterministic response curves provided using dashed line. It is observed the 409 
uncertainty has little influence on the system dynamic response. The interval of response wrapped is 410 
nearly identical to the deterministic curve after resonance and very small interval is found before 411 
resonance, as shown in the zoomed view in Fig. 6. This vibration behavior indicates the system 412 
dynamics are insensitive to the variability in geometrical length of driven shaft, which provides 413 
guidance for design purposes.  414 

 
Fig. 6. Response range of the system with 10% epistemic uncertainty in length of shaft. 

 415 
  From the investigations on the three typical uncertainties mentioned above, we can obtain an insight 416 
of the complex dynamic behaviors of the system under different kinds of parametric perturbations. In 417 
the following, hybrid cases will be studied where both aleatory and epistemic uncertainties are involved. 418 
In the validation part of this section, the bounded mean and variance of system response are given for 419 
some revolution speeds. Here, we illustrate the combined effects of the two uncertainties for the whole 420 
speed range in Fig. 7. For this case, the effects of uncertain damping ratio are similar to the results in 421 
Fig. 4 as only resonance area has shown significant variance. A critical dynamical behavior is found in 422 
the interval solutions, however, which is caused by the intrinsic alterations due to uncertain moments 423 
of inertia. As demonstrated in the interval mean and variance, flat peak zones appeared in the upper 424 
bounds in the vicinity the resonant speed and the mean mesh force RMS is identical to the deterministic 425 
value at the resonant speed. The lower bounds are still in single peak mode. This means the epistemic 426 
uncertainty in moments of inertia of blades will not increase the magnitude peak of dynamic response. 427 
Another feature is that it has effects in a wide range of revolution speeds with highest deviations found 428 
in resonance area. The two types of uncertainties both have their unique propagation patterns. 429 

900 950 1000 1050 1100 1150 1200 1250 1300 1350 1400

Revolution Speed (rpm)

2650

2700

2750

2800

2850

2900

2950

In
te

rv
al

 M
es

h
 F

or
ce

 R
M

S
 (

N
)

Lower bound

Upper bound
Deterministic

1130 1140 1150

2890

2900

2910

2920

2930



17 
 

 430 

 431 

Fig. 7. Dynamic mesh force RMS behaviors under 3% epistemic uncertainty in moment of inertia and 5% 
aleatory uncertainty in shaft damping ratio: (a) interval mean, (b) interval variance. 
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 432 

 433 

Fig. 8. Dynamic mesh force RMS behaviors under different level (1%, 3% and 5%) epistemic uncertainty 
in shaft stiffness and 5% aleatory uncertainty in transmission error: (a) interval mean, (b) interval variance. 
  434 
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 435 

 436 

Fig. 9. Dynamic mesh force RMS behaviors under multiple hybrid uncertainties: (a) interval mean, (b) 
interval variance. 

 The stiffness of shaft and static transmission error are considered uncertain due to reasons explained in 437 
Section 4. The uncertainty degree of the latter is 5%. For comparison purpose, the deviation coefficient 438 
of shaft stiffness, which is reflected in Young’s modulus, is taken as 1%, 2% and 3%. The results are 439 
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given in Fig. 8 based on the analysis method constructed. From the plots in Fig. 8, we can first identify 440 
that the uncertain transmission error and shaft stiffness both have significant effects in all speed ranges. 441 
They share certain similarity in influence pattern as shown in Fig. 7. One major difference is that slant 442 
peak zones are observed instead of flat ones with the peak value also identical to the deterministic one 443 
at the resonance speed. This phenomenon indicates that epistemic Young’s modulus will increase the 444 
RMS amplitudes in resonance range except for the exact resonance speed. With increase of deviation 445 
degree, the interval ranges enclosed by both the mean and variance of dynamic response are expanded. 446 
It can be explained by the critical effects of the uncertainty on the inherent dynamic characteristics of 447 
the wind turbine geared transmission system. The larger deviation of the epistemic uncertainty will 448 
cause the response variance, which is mainly induced by the aleatory uncertainty, change more 449 
significantly. It shows that the two types of variables will interact with each other in the uncertain 450 
dynamical responses, increasing the complexity of overall vibration behaviors. It will be even more 451 
complicated in rotating machineries when nonlinearities have to be considered [43].  452 
  For the last case, we deal with multiple aleatory and epistemic uncertainties in the wind turbine geared 453 
system to simulate a more realistic engineering practice. The torque on the blades with 1% uncertainty, 454 
the shaft stiffness with 2% uncertainty and the average mesh stiffness with 3% uncertainty are taken 455 
into consideration for epistemic variation. The shaft damping ratio and mesh damping ratio are treated 456 
as aleatory uncertainties with 5% perturbations. Fig. 9 shows the numerical results for the dynamical 457 
response in this complicated hybrid simulation, where the colored area indicates the bounded statistics 458 
and the solid line represents the deterministic response curve. It can be noted that, as demonstrated in 459 
Fig. 9, both the interval mean and interval variance have combined behaviors exhibited previously, 460 
suggesting that an uncertain wind turbine system containing multi uncertainties can have unpredicted 461 
dynamic responses. Contrary to the former cases, the interval mean mesh force RMS wraps a wide 462 
interval of the deterministic response in full revolution ranges, which stresses the importance of 463 
including different uncertainties for the reliable dynamic assessment and robust design and maintenance. 464 
It should be noted that it is very difficult to use the conventional methods to solve such a complicated 465 
uncertainty problem as the required cost is overwhelming. In fact, the sampling times will go beyond 466 
the limit of available computational resources very quickly with the increasing number of uncertainties.  467 

6. Conclusions 468 

In the present paper, a non-intrusive dual-layer hybrid uncertainty method using unified collocations is 469 
proposed to reveal the effects of mixed aleatory and epistemic uncertainties on the dynamical responses 470 
of a wind turbine geared transmission system. For both types of uncertainties, surrogate modeling with 471 
the regression technique is implemented. Numerical validations are provided, and novel insightful 472 
dynamic behaviors are found for the uncertain torsional vibrations. The computation performance of 473 
the developed approach in terms of precision and efficiency is verified by reference solutions. To be 474 
more specific, the statistics obtained can reflect the deviations caused by aleatory variables and the 475 
response range shows those of the epistemic uncertainties. It is found that the variabilities of parameters 476 
such as the stiffness and moments of inertia will lead to intrinsic shifts of system natural characteristics. 477 
The deviation in damping affects only the vibration amplitudes. Multi-source and multi-type uncertain 478 
parameters can bring hybrid influences on the dynamic responses, which could deteriorate the design 479 
expectations and cause the health state of wind turbine changes. Moreover, thanks to its surrogate nature, 480 
the established method can be used to analyze other wind turbine systems without much modification. 481 
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Nomenclatures 488 

( )kP x     Legendre polynomials 489 

kX    Legendre quadrature pool 490 

    standard aleatory vector 491 

 k    Askey chaos basis 492 

    PC coefficient vector 493 

H     transform matrix in PCE 494 
k
y    statistic moments 495 

( )j      simplex polynomial basis  496 

    surrogate coefficient vector 497 

S     transform matrix in PSA 498 
mK    mesh stiffness of gear pair 499 

e    dynamic transmission error 500 

1 2 3 4,  ,  ,         angular displacements of the system 501 

1 2 3 4,  ,  ,  I I I I   moments of inertia of the system 502 

1
sK , 2

sK   shaft stiffness 503 

bT , gT    torque on blades and generator 504 

1
sC , 2

sC , mC   damping of shafts and meshing 505 

    density of materials 506 

w    effective tooth width 507 
Rp, Rg   base radius of pinion and gear 508 
L1, L2   length of shafts 509 
    revolution speed 510 
F   dynamic mesh force 511 
Abbreviations 512 

PCE   polynomial chaos expansion  513 
PSA   polynomial surrogate approach 514 
MCS   Monte Carlo simulation 515 
SCN   scanning method 516 
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