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Abstract
A novel practical three-dimensional (3D) wheel-rail interaction (WRI) element is
developed to simulate the interaction between a fast-moving wheel node and nodes of
the rail. Different from most previous methods of wheel-rail contact in multibody
dynamics, the wheel-rail relationship in this paper is simulated by the WRI element.
The WRI element is implemented into a general finite element software framework
(i.e., OpenSees), which allows us study not only the vehicle behavior as the multibody
models allow, but also the structure behavior with any degree of complexity.
Implemented in a FEM framework with strong nonlinear capabilities, it also allows us
to study scenarios with important nonlinearities. Compared to most existing models,
the WRI element has a better compatible property and can be easily added to the vast
majority of finite element platforms. The wheel-rail contact geometry is calculated
efficiently with wheel/rail profiles fitted through linear curves and contact locations
solved through algorithms with a higher efficiency. Local curvatures around contact
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points are calculated differently to avoid discontinuities of the contact force.
Movements of a wheelset and of a train are studied to verify the accuracy and capability
of the WRI element in the dynamic simulation of vehicle-track systems.
Keywords: Wheel-Rail Interaction; Vehicle-Track System; Railway Dynamic; Finite
Element Method; Flange-Contact.

1

Introduction
The dynamic analysis of vehicle-track coupling systems (VTS) is of significant

importance in the railway engineering. Simulation of the coupling systems consists of
modeling the subsystems of the vehicle, track and constraints that characterize the
wheel-rail interaction (WRI). Among the subsystems, the modeling of the WRI is
crucial for the running safety analysis of the vehicle and performance analysis of
structures, while the vehicle and track subsystems can be separately well-simulated by
existing multibody or finite element models. Depending on the treatment of WRI, the
methodologies to study the dynamic VTS can be classified into two groups.
The first group solves the VTS by treating the WRI as external forces acting on
the two subsystems of the vehicle and track, and the WRI is simulated as constraints
condition which couples the two subsystems. Shabana et al.[1, 2] introduced the WRI
constraints into the multibody dynamic equations of the track and wheelset through the
augmented contact constraint formulations[3] and the embedded contact constraint
formulations[4], presented a detailed numerical procedure for the simulation of wheelrail contact dynamics in the literature[5], and added the wheel-rail elastic contact model
to augmented formulation in the literature [6]. Zhai et al. [7] solved the equations of
motion of the system by using a fast explicit integration method [8] and calculated the
vertical and lateral WRI by using a vehicle-track coupling model [9, 10]. Pombo [1115] proposed a series of methods for track spatial geometry description, contact points
determination, and contact force calculations. These methodologies are implemented in
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the general-purpose multibody program [16, 17]. Xia et al. [18] and Zhang et al. [19,
20] developed dynamic models of train-girder-pier systems and train-bridge systems,
respectively, and simplified the dynamic interaction between the bridge and train
through an assumed theoretical displacement of wheelsets given by the Klingel
formulation. Naeimi et al.[21] established the dynamic equation of a wagon system in
which the WRI is modeled through a 3D spring. Zakeri et al.[22] modeled the wheel
and rail through 3D solid elements and considered the non-linear behavior of materials.
The second approach solves the VTS by using special elements that simulate the
WRI force by the internal resisting forces. Wu et al. [23] developed vehicle-rail
interaction elements by using a condensation method in which a set of constraint
equations are imposed between the vehicle and rail in both lateral and vertical directions.
However, the wheel-rail contact geometry is not accurately modeled, and the tangential
forces are neglected. Gu et al.[24] developed a two-dimensional wheel-rail interaction
element composed of a wheel node and all the nodes of the rail that the wheel may pass
through. Neves et al.[25] and Montenegro et al.[26] developed a WRI element
considering only the vertical interaction. The WRI element was later enhanced by
Montenegro et al.[27, 28] to consider the lateral interaction between wheel and rail. In
this method, a node-to-segment contact element is proposed that consists of a wheel
node (contact node) that connects to the rail elements (target elements). The internal
resisting force of the contact node (calculated from WRI) is then applied to the
corresponding rail nodes based on the geometrical relationship between the contact
node and rail nodes. The contact geometry (including the flange-contact) is able to be
considered. However, these approaches usually focus on the study the vehicle dynamic
behaviors, while the structures (e.g., track) are modeled in a simplified way.
This paper presents a novel three-dimensional (3D) WRI element to simulate the
fast-moving WRI by its element resisting/internal force. Compared to previous
methods, the element has a few advantages: (1) Different from most previous methods
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of wheel-rail contact in multibody dynamics, the wheel-rail coupling relationship in
this paper is simulated by a special finite element (i.e., WRI element). This element
allows that the whole model of the vehicle-track system (VTS) keeps unchanged during
the dynamic analysis, and the equations of motion of the coupled VTS is solved entirely
and straightforwardly without iteration between subsystems. (2) The vehicle-trackbridge systems can be calculated efficiently and stably by the model with WRI element,
taking advantage of the strong capacity of nonlinear FEM. Furthermore, compared to
many existing models, the WRI element is compatible to and can be flexibly added to
the vast majority of finite element platforms based on their application programming
interfaces (API) in a relatively easy way. (3) The WRI element is developed based on
a widely used open-source code FEM framework in civil engineering, i.e.,
OpenSees[29, 30], which not only allows users to study the vehicle behavior, as the
multibody models allow, but also the structure behavior and running safety analysis
without extra programming efforts. Particularly, taking advantage of the nonlinear
capacities of OpenSees (e.g., the abundant libraries of nonlinear models of elements
and materials, the nonlinear algorithms), it allows the studies of complicated structure
or soil-structure interaction problems with important nonlinearities. (4) The WRI
element is efficient and robust, partly due to that the wheel-rail contact geometry is
fitted through linear curves and contact locations is solved through an efficient
algorithm. The local curvatures around the contact points are calculated by fitting the
equation of circles, which avoids the discontinuities of the contact force during the
dynamic analysis. This method is superior than many existing methods that model the
wheel/rail profiles using spline curve fittings (based on the authors’ tries and
experiences). Using spline curve fittings method, the interpolation coefficients of the
wheel/rail profile curves need to be calculated repeatedly whenever the rotating of the
wheel/rail occurs, significantly slows down the calculations. Furthermore, the multicontact or flange-contact scenarios can be considered herein.
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2

The WRI element
The basic idea of the WRI element is modeling the interaction between a wheel

and rail by using its element internal/resisting force. Within the element, one needs to
get the resisting force given a specified nodal displacement and velocity. This element
consists of a fast-moving wheel node and all nodes of the rail that the wheel may
potentially pass through. All wheel-rail contact formulations are incorporated in the
element and presented in the following sections, i.e., coordinate systems and
description of the WRI element in section 2.1, the online contact geometry
determination in section 2.2, the calculation of the normal and tangential WRI forces in
section 2.3, and the derivation and updating of the element resisting force vector while
the wheel moves along the rail in section 2.4. All the variables used in the paper are
explained in Appendix A.
2.1 Coordinate systems and description of the WRI element
This section introduces the coordinate systems, the transformations between the
coordinate systems, and the description of the WRI element.
Coordinate systems

Four Cartesian coordinate systems are built to describe wheel-rail contact
geometries, as shown in Figure 1(a). A three-dimensional Cartesian coordinate system
can be defined by an origin vector and three basis vectors. A detailed description of the
four coordinate systems is listed below.
(1) Global coordinate system (GCS): O − XYZ . It's defined to build an entire
model of vehicle-track systems (VTS), and it doesn't change during the dynamic
analysis of the VTS. Its origin O can be placed anywhere while it usually locates at a
point of track centerline. Its basis vectors ê1 , ê 2 and ê 3 define the direction of X, Y
and Z axis respectively, and they are unit vectors.
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(2) Wheel coordinate system (WCS): O w − X wY w Z w . It's defined to describe the
profile of the wheel, and it's fixed to the wheel. Its origin O w locates at the wheel
center. Its basis vectors ê1w , ê 2w and ê 3w define directions of X w , Y w and Z w
axis, and they will rotate with wheel node since it's fixed onto the wheel.
(3) Rail coordinate system (RCS): O r − X rY r Z r . It's defined to describe the
profile of rail, and it's fixed to the rail. Its origin O r coincides with the centroid of the
rail cross-section. Its basis vectors ê1r , ê r2 and ê 3r define directions of X r , Y r and

Zr .
(4) Contact coordinate system (CCS): Oc − X cY c Z c . It's defined to describe
virtual interpenetrations and creepages of contact patches. Its origin Oc and basis
vectors ê1c , ê c2 and ê 3c may change when the wheel or the rail translates or rotates.
The contact coordinate system moves forward at the same speed as the wheel.
(a)

Z

ê
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Figure 1. Description of the wheel-rail geometry: (a) coordinate systems; (b) zoom-in view of the
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contact coordinate system; (c) generatrix curves of wheel and rail.
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corresponding points are written in bold, and the points of a wheel/rail surface are
s
denoted by a superscript "s" representing "W" or "R"(in upper-case), e.g., p (see
s
s
Figure 1(a)) represents position vector of the point p , and the point p belongs to

wheel/rail surface if the value of "s" is "W"/"R". 3) The first superscript of a position
vector component represents the surface that the corresponding point belongs to, and
the second superscript represents the coordinate system in which it is expressed, e.g.,
the terms piWc

( i = 1, 2,3)

are the components of a wheel surface point expressed

under CCS. 4) If the second superscript is null, the position vector is expressed in GCS,
e.g., piW

( i = 1, 2,3)

are components a wheel surface point expressed under GCS.

Note that the present paper is limited to the analysis of straight track scenarios to
simplify the derivation of the contact geometry. Therefore, the longitudinal basis
vectors of the GCS, RCS, and CCS are equal, and their directions do not change as the
wheel moves forward. However, the longitudinal basis vector of the WCS may not in
the same direction of these three coordinate systems since the spin (i.e., rotate about Zaxis) is considered.
Transformations of the coordinate systems

Transformation equations among the four coordinate systems are essential in
determining contact geometries. The transformation for the basis vectors from global
to the wheel/rail coordinate system is expressed

eˆ li =Aijl e j

( i, j = 1, 2,3)

(1)

where

cos  z

A ( x , z ) =  − cos  x sin  z
 sin  x sin  z

l

sin  z
cos  x cos  z
− sin  x cos  z



sin  x 
cos  x 
0

(2)

In order to simplify the writing of equations, a superscript "l" is used to represent "w"
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or "r". Rotations about X and Z axis are denoted as  x and  z respectively. In this
paper, a lower-case subscript conforms to the summation convention[31] if it appears
exactly twice in a given term, e.g., the subscript "i" in Eq.(1).
s
s
Using the transformation in Eq.(1), the position vector p of the point p (see

Figure 1(a)) can be expressed under the GCS as

p sj = Olj + pisl Aijl
In Eq.(3), the terms p sj

( j = 1, 2,3)

(i, j = 1, 2,3)

(3)

s
are components of the p expressed under GCS.

O l is a position vector of "l" coordinate system origin, and Olj

( j = 1, 2,3)

are

sl
l
components of the O expressed under the GCS. p is a position vector of the point

p s relative to the "l" coordinate system origin, and the terms pisl

( i = 1, 2,3)

are

sl
components of the p expressed under "l" coordinate system. Components of the

vector Ol are usually given under the global system, while those of the p sl are given
under the WCS or RCS. Note that Ol is the current location of the wheel/rail origin,
and it needs to be updated at every iteration by adding the displacements of the
wheel/rail origins d O to the initial location Ol , i.e.,
l

Ol = Ol + d O

l

(4).

Regarding the CCS (i.e., O c − X cY c Z c ), see Figure 1(b), its origin and basis
vectors are defined as
O c = Pb1
 c
eˆ1 = eˆ1

 c Pb2 − Pb1
eˆ 2 =
Pb2 − Pb1

eˆ c = eˆ  eˆ c
1
2
 3
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(5)

The origin Oc is determined by the position vector Pb1 of the first boundary point

Pb1 of the virtual interpenetration patch (see Figure 1(b)). The basis vectors of the
c
longitudinal direction of CCS and GCS are assumed to be equal, i.e., eˆ 1 = eˆ 1 , as
c
mentioned above. The second basis vector ê 2 is defined by connecting the two

boundary points (e.g., Pb1 and Pb2 ) of the virtual interpenetration patch and
c
normalizing it. The third basis vector is obtained by a cross-product of the vectors ê1
c
and ê 2 .

The transformation for the coordinate basis from the CCS to the GCS is given

eˆ ic = Aijceˆ j

(

( i, j = 1, 2,3)

(6)

)

where Aijc = cos eˆ ic , eˆ j (i, j = 1, 2,3) . It is obtained depending on the definition of the
transformation matrix[31]. It is explicit that the ith basis vector of the CCS is the ith row
of the transformation matrix Ac .
Using the transformation in Eq.(6), components of the position vector p s (under
GCS) of an arbitrary point of a rail/wheel p s can be expressed as

p sj = Ocj +pisc Aijc

(i, j = 1, 2,3)

depending on the components given under CCS, i.e., pisc

(7)

( i = 1, 2,3) . In Eq.(7), the

two vectors Oc and p sc are the origin vector of the CCS and the relative position
vector with respect to the CCS origin, respectively.
On the other hand, we can obtain a transformation equation from the GCS to CCS

pksc = Akjc ( p sj − Ocj )
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(i, j = 1, 2,3)

(8)

by multiplying Akjc to the left and right sides of the Eq.(7) and using the property of
the transformation matrix, i.e., Aijc Akjc =  ik .
For a force vector F , its components are transformed between CCS and GCS by

 F j = Fi c Aijc
 c
c
 Fk = Akj F j
where Fi c

( i = 1, 2,3)

and Fj

( j = 1, 2,3)

(9).

are components of the F expressed

under CCS and GCS, respectively.
Description of the WRI element

A WRI element consists of a fast-moving wheel node and all the nodes of the rail
that it may pass through(see Figure 2). The element's internal/resisting force is
calculated based on the nodal displacement and velocity, and automatically updated
while the wheel moves from a rail beam span to another.
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(10).

It includes displacement vectors of a wheel node d W (with node number W ) and of n
rail nodes dbi

( i = 1, 2,..., n )

. Each node of the element has six degrees of

freedom(DOF), and they are translations (along X, Y, and Z axis) and rotations (about
Z, Y, and Z axis) of the global coordinate system, respectively. In all that follows, for
the element resisting force, displacement and velocity, the superscript of a specific term
denote the node number of it, and the subscripts 1~6 (or x, y, z,  x ,  y ,  z ) denotes
b
the corresponding DOF of a component. For example, db and dbzi ( or d 6 i ) represent
i

the displacement of the node bi and displacement component of the node bi about the
Z-axis, respectively. The velocity of the element is defined as d .
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The resisting force of the WRI element is defined in

R W 
 Fxbi 
 FxW 
 b1 
 bi 
 W
R 
Fy 
b
 Fy 

2
R 
b
W
 Fz 


 Fz i 
bi
W
R=
 , i = 1 ~ n, where: R =  W  and R =  bi 
 R b2 
M x 
M x 
W


M y 
 M ybi 


 W
 bi 
 M z 
 M z 
 bn 
R 

(11).

Note that an element resisting/ internal force is the force that element nodes act on the
element. We need to obtain R given a specific displacement d and velocity d . The
computation of the components is elaborated in section 2.4.
Assume that a wheel with node number "W" moves at a constant speed V and that
its initial distance away from the first rail node b1 of the WRI element is D0 , As
shown in Figure 2. It moves to a location (denoted as "a") at time t, with a distance of
D away from the node b1 . The updating of the longitudinal wheel location D is
expressed as

D = D0 + Vt

(12).

The wheel locates at the rail beam span between the nodes bi and bi +1 (see Figure 2),
and the WRI arises in this span. In order to simplify the derivation, the model of the
wheel node "W" and the rail beam span (between nodes bi and bi +1 ) is defined as the
"active" portion of the element (see Figure 2), and its zoom-in view is shown on the
right side of the figure.
The components of the nodal displacement vector with respect to the active portion
are extracted from d and are defined in
 dW 


dˆ =  dbi 
dbi+1 
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(13),

and those of the resisting force vector are extracted from R and defined in
 RW 
ˆ =  R bi 
R
R bi+1 



(14).

The DOFs of the active portion can be obtained depending on those of the WRI
element by using

dˆ =  L  d

 Rˆ =  L  R

(15).

In Eq.(15), the  L  is a transformation matrix connecting the DOFs of the active
portion to those of the WRI element, and it is expressed in
W b1 b2

bi bi +1

bn

1 0 0 0 0 0 0 0 
L  = 0 0 0 0 1 0 0 0 
0 0 0 0 0 1 0 0 

(16)

where the line over the matrix is just for notation purposes, and it has no value. The
sub-matrix 1 and 0 are, respectively, an identity diagonal matrix and a zero matrix
with the same size of 6  6 . On the other hand, we can obtain the DOFs of the WRI
element depending on those of the active portion by using

d =  L T dˆ

T
 R =  L  Rˆ

(17).

2.2 Online contact geometry determination considering multi-contact scenarios
This section presents the online determination of the wheel-rail contact geometry,
including the description of wheel-rail configurations, the estimations of candidate
contact segments, and calculation of contact geometry properties (e.g., contact locations,
maximum virtual interpenetrations).
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Descriptions of wheel-rail configurations

Depending on the revolutionary property of a wheel, its configuration(i.e., surface)
can be defined by a vector representing its axis of revolution and a generatrix curve
expressing the profile. As shown in Figure 1(a), the axis of revolution is specified by
w
the vector ê 2 , and its generatrix curve is defined by a set of control points that are

representative of the wheel profile, as shown in Figure 1(c). Due to the cylindrical
property of the rail, its surface can be defined by a directrix line and a two-dimensional
generatrix curve expressing the rail profile. As shown in Figure 1(a), the directrix line
r
is defined to be the X r direction of the RCS, i.e., ê1 . Note that the generatrix curves

of the wheel and rail are plane curves, and position vectors of the wheel/rail control
points are expressed as
 P s T 
  (1)  
 s T
  P( 2)  



 s
l
sl
l
 P s  = 
T  , P( I ) j = O j + P( I )i Aij
s


  P( I )  





T
 P s s  
  ( N )  

( i, j = 1, 2,3) and I = 1 ~ N s

(18).

In Eq.(18), the vector P(sI ) denotes the position vector of the Ith control point on the s
(wheel or rail) surface given under GCS, and it is obtained by using the transformation,
i.e., Eq.(3). Note that the generatrix curve (with control points  P s  ) changes during
the dynamic analysis since the translation and rotations are included in Eq.(18). The
subscript N s denotes the total number of the control points for the wheel/rail
generatrix curve. The P(slI) denotes position vector of the Ith control point P(sI ) relative
to "l" origin, and its components will not change since the wheel/rail coordinates system
is fixed onto the wheel/rail. The longitudinal components of the P(slI) are zero, i.e.,
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(

)

s
P( slI) x = 0 I = 1, 2,..., N . In order to facilitate contact searching, the position vectors of

the control points P(slI) are sorted from point P(sl1) to P slN s

depending on the value of

( )

P( slI) y with the smaller one located ahead.

It is accurate enough to get an entire curve of the wheel profile by a piecewise
linear interpolation if the quantity of the points is sufficient and the point distribution
is good enough. The points can be sparse for linear segments of the profile and be
intensive for curved segments. Experiences of the authors show that to use the linear
interpolation is much faster, and the program is much more robust than using the
nonlinear interpolations such as cubic interpolations. The curve fitting has to be carried
out repeatedly if the high order spline(e.g., cubic spline) curves are used because the
wheel and rail will rotate and translate during dynamic analysis, which will inevitably
increase computational costs. Therefore, using linear interpolation may have some
advantages in this aspect.
The current location of the origin Ol and the transformation matrix Al need be
calculated to obtain the wheel/rail configuration that has undergone translation and
rotation. The Ol can be calculated by adding the translational components of the
displacement to the initial location of the reference origins, i.e.,
d1O 

 l

Ol = Ol + d 2O 
 Ol 
d

 3 

l

(19)

where Ol denotes the initial location of the reference origin. The components

diO

l

( i = 1, 2,3)

are, respectively, the translational displacements in X-, Y- and Z-

direction of the reference origin O l . The transformation matrix Al can be calculated
by Eq.(2) and the substitutions, i.e.,  x = d 4O and  z = d 6O . The d 4O
l
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l

l

l

and d 6O are

rotations of the reference origin O l about X- and Z-axis, respectively. Then, the
current configuration can be obtained by using Eq.(19), Eq.(2) and Eq.(18) successively.
To obtain the current configuration of a wheel/rail, we need to calculate the initial
location Ol , the translational displacement diO

l

( i = 1, 2,3) , and the rotations ( d 4O

l

l

and d 6O ) with respect to the origin. For the wheel, its origin O w and the wheel node
"W" locate at the same position (see Figure 2). The initial location and rotations of the
wheel node Oiw ( i = 1, 2,..., 6 ) can be read from the FE model. The displacement and
the velocity at the wheel origin equal to those of the wheel node, respectively, i.e.,

d iO = d iW
 Ow
W
d i = d i
w

( i = 1, 2,..., 6 )
( i = 1, 2,..., 6 )

(20).

In all that follows, single and double super-positioned dots represent, respectively, firstW
and second-order differentiation to time, e.g., the d1 t is written as d1W .

For the rail, the initial location of its reference origin O r (at point "a" see Figure
2) can be obtained by interpolating the initial locations of nodes bi and bi +1 , i.e.,
Oxr
 r
Oy
 r
Oz
 r
Ox
 r
Oy
 r
Oz

In Eq.(21), Ojbi and Ojbi+1

= N1LOxbi + N 2LOxbi+1
= N1H Oybi + N2H Obz i + N3HOybi+1 + N 4HObz i+1
= N1H Ozbi + N2H Oby i + N3HOzbi+1 + N 4HOby i+1
= N1LObx i + N1LObx i+1

(21).

= N1,HxOzbi + N 2,HxOby i + N3,HxOzbi+1 + N 4,HxOby i+1
= N1,Hx Oybi + N2,Hx Obz i + N3,HxOybi+1 + N4,HxObz i+1

( j = 1, 2,..., 6 )

are, respectively, the components of the

initial position vector at the nodes bi and bi +1 expressed under GCS, and they can be
read from the FE model. The terms N IL ( I = 1, 2 ) and N IH

( I = 1, 2,3, 4)

represent

the linear and Hermite interpolation functions, respectively. The N IH, x ( I = 1, 2,3, 4 )
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denote the derivative of the Hermite interpolation functions with respect to x. The
interpolation functions can be updated depending on the longitudinal location of the
wheel D seeing Eq.(12).
The d Oj

r

( j = 1, 2,3)

are translational displacement of rail reference origin, and

they can be interpolated depending on the displacement vectors of the nodes bi and

bi +1 as expressed in
d Or = N L d bi + N L d bi+1
1 x
2 x
 1r
 O
H bi
H b
H b
H b
d 2 = N1 d y + N2 d zi + N3 d yi+1 + N4 d zi+1
 Or
H b
H b
H b
H b
d3 = N1 d z i + N2 d yi + N3 d z i+1 + N4 d yi+1

(22)

Rotations of the rail reference origin O r at the location "a" is interpolated by using
d 4O = N1L dbi + N1L dbi+1

x
x
 Or
bi
bi+1
bi+1
H bi
H
H
H

d 6 = N1, x d y + N2, x d z + N3, x d y + N4, x d z
r

(23).

Estimation of candidate contact segments considering multi-contact scenarios

Because of the special geometrical properties (mentioned ahead) of the wheel and
rail, the contact patches can be searched within their genitrix curves rather than their
surfaces. To improve the efficiency, for the wheel and rail shown in Figure 1(c), a
candidate bound of Y component

 ymin , ymax 

that includes all the possible contact

locations are determined by using

( (
( (

)
)

(
(

))
))

 y = max min P R , I = 1, 2,..., N R , min P W , I = 1, 2,..., N W
(I )y
(I )y
 min

 ymax = min max P( RI ) y , I = 1, 2,..., N R , max P( W
, I = 1, 2,..., N W
I )y


(24).

We can also obtain the corresponding indices b1R , b2R , b1W and b2W of candidate
bound points with respect to the wheel and rail control points, as shown in Figure 1(c).
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To obtain intersectional points of the two generatrix curves shown in Figure 3(a),
we traverse every piecewise line (consisted of rail control points from P RbR to P RbR )
(1)
( 2)
and lines (from P Wb W to P Wb W for the wheel), and meanwhile judge whether the two
(1 )
(2)
interesting lines intersect, and calculate the intersectional points if they do. For two
interesting lines P(Rj ) P(Rj+1) and P(Wi ) P(Wi+1) shown in the right side of Figure 3a, the
intersecting status can be judged depending on area vector directions of the two
triangles P(Wi ) P(Wi +1) P(Rj ) and P(Wi ) P(Wi +1) P(Rj +1) , that is,

(
(

) (
) (

)

S(1) = 0.5  P W − P W  P R − P W
( i +1)
(i )
( j)
( i +1)

 ( 2)
S = 0.5  P(Wi +1) − P(Wi )  P(Rj +1) − P(Wi +1)


)

(25).

In Eq.(25), P(Rj ) and P(Rj+1) are position vectors of the rail control points, P(Wi ) and
1
2
P(Wi+1) are position vectors of the wheel control points. S( ) and S ( ) represent area

vectors of the triangles P(Wi ) P(Wi +1) P(Rj ) and P(Wi ) P(Wi +1) P(Rj +1) , respectively. The direction
of the area vector flows the right-hand rule. The two lines intersect if the S(1) and S ( 2)
are in opposite directions (i.e., S(1)  S( 2)  0 ), otherwise don't. Note that the norm of
the S(1) and S ( 2) are the area of the triangles P(Wi ) P(Wi +1) P(Rj ) and P(Wi ) P(Wi +1) P(Rj +1) ,
respectively. It may need to be explained that the wheel/rail generatrix curve  P s  is
assumed to be plane curves since the spin has a very slight influence on the location of
intersectional points. Therefore, the S(1) and S ( 2) are considered to be parallel to the
basis axis ê1 , that is, only the X components of the S(1) and S ( 2) are non-zero.
Similarly, we can get the area vector of P(Rj +1) P(Rj ) P(Wi ) by

(

) (

S ( ) = 0.5 P(Rj ) − P(Rj +1)  P(Wi ) − P(Rj )
3
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)

(26).

If P(Rj ) P(Rj+1) and P(Wi ) P(Wi+1) intersect, a position vector of the intersectional points

PbJ can be calculated by
S1( )
PbJ = P + (1)
P(Wi +1) − P(Wi )
( 2)
S1 − S1

(

3

W
(i )

In Eq.(27), the S1( ) , S1( ) and S1(
1

2

3)

)

(27).

are X components of the S(1) , S ( 2) and S ( 3) ,

respectively. It is explicit that the term S1(

3)

(S( ) − S( ) )
1

1

2

1

is relative length of the line

P(W
P to the line P(Wi ) P(Wi+1) .
i ) bJ

For a general wheel and rail profile, there may multi-intersectional points (e.g., n
intersectional points Pb , Pb ,…, Pb ), and they can build n − 1 candidate contact
1

n

2

segments. For instance, the four intersectional points Pb , Pb ,…, Pb constitute bounds
1

2

4

of segments between Pb and Pb , between Pb and Pb , and between Pb and Pb . We
1

2

2

3

3

4

name them as candidate contact segments because some of them may not actually
contact. For example, the segment between intersectional points Pb and Pb don't, see
2

3

Figure 3(a). The real contact status can be judged depending on the tangent of two
piecewise lines (consisted of an intersectional point in the left and the closest wheel/rail
control point in the right), e.g., PbJ P(Wi+1) and PbJ P(Rj+1) . They contact if the tangent value
of the piecewise line of the rail (e.g., PbJ P(Rj+1) ) is larger than that of the wheel (e.g.,
PbJ P(Wi+1) ).
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ê3

R

W
2

Wheel P WN
( )
W
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Figure 3 Wheel-rail contact geometry: (a) intersectional points and candidate contact segments,
(b) contact location and maximum interpenetration.
Calculation of contact geometry

To calculate the normal contact force, we need to carry out the maximum virtual
interpenetration depth  max within each candidate contact segment. Figure 3(b) shows
the Ith candidate segment between the intersectional points Pb and Pb , and the
I +1

I

wheel and rail really contact in this segment. A contact coordinate system is built by
using Eq.(5) within this segment. The direction of the interpenetration is assumed to be
the same with the vector eˆ 3cI , and the depth is the difference between the wheel and rail
curves in the eˆ 3cI direction. To obtain the difference, we need to transformed all the
control points between Pb and Pb

I +1

I

into the CCS by using Eq.(8). For a control point

P(Ri ) of the rail generatrix, the depth is calculated by

 Wc P( Wc
− P( nWc) z Rc
n +1) z
 = P −  P( n ) z + Wc
P(i ) y − P( nWc) y
Wc

P
−
P
( n +1) y
(n) y

R
(i )

(

Rc
(i ) z

)






(28)

where the first and second superscript of a position vector components denote
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subordinate of the point and in which coordinate it's expressed. The subscripts

( )

denotes the index of the control point. For instance, the term P( Wc
is the Y component
n +1) y
of the (n+1)th wheel point expressed in CCS. It's explicit that the Z component of a
wheel point that has the same Y component with the point P(Ri ) is obtained by the linear
interpolation. The superscript and subscript of the  denote, respectively, subordinate
of the depth and the index of the interpenetration, e.g.,

 (Ri )

denotes the

interpenetration of (i)th rail control point. Similarly, for a control point P(Wj ) of the
wheel generatrix, the depth is calculated by

 (Wj ) = P( Rc
+
m) z

P( Rc
− P( Rc
m +1) z
m) z
Rc
( m +1) y

P

−P

Rc
( m) y

( P( )

Wc
i y

)

− P( Rc
− P( Wc
m) y
j )z

(29).

c
For each candidate segment in real contact, the maximum interpenetration  max

can be selected among these depths since the profile is represented by piecewise linear
lines, that is,

(  

 )

c
 max
= max max  (Ri ) , max  (Wj )

 

where  (Ri )

and

 ( ) 
W
j

(30)

represent arrays consisted of depths (between rail points and

the wheel generatrix curve) and those (between wheel points and the rail generatrix
curve), respectively.
Mention that the control points of the wheel and rail need to be intensive enough
for curved segments of the profiles while they can be sparse for the linear segments.
The interpenetration is obtained on the assumption that the wheel and the rail don't
deform. In reality, they deform, and their surfaces neither intersect nor separate in the
contact area. Therefore, the maximum compressive deformation equals the maximum
c
virtual interpenetration depth  max . The contact area is assumed to be elliptical, and its
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c
center with respect to wheel/rail is assumed to be the corresponding point of the  max .
W
R
The locations of the wheel and rail contact centers are denoted as P c and P c where

the subscript "c" (of the "W" or "R") denotes the center of the contact patch.
Local curvatures around the contact centers (of the wheel/rail) can be solved by
sL
applying the equation of the circle and depending on the coordinates of four points P c ,

P sc R , P sc and Ol shown in Figure 3(b). The superscript "s" can be "W" or "R"
sR
sL
representing "wheel" or "rail" surface, respectively. The P c and P c represent two

s
points with a distance of d left and right away from the contact patch center P c . The

distance d depends on experience, and about 17% of the distance of the two
intersectional points Pb and Pb

I +1

I

is adopted in this paper. The second superscript "L"

and "R" denote the left and right sides of the contact center, respectively. Assume that
sR
sL
s
the three points P c , P c and P c are on a circle with a center locating at O s and
c

with a radius of r sc , then

(
(
(

) (
) (
) (

) ( )
) ( )
) ( )

 P sc L − O sc 2 + P sc L − O sc 2 = r sc
y
z
z
 y
 sc R
s 2
s R
s 2
s
 Py − Oyc + Pz c − Oz c = r c

2
2
2
 Pysc − Oysc + Pzsc − Ozsc = r sc


2

2

(31).

If the three points are not in the same line, the radius can be obtained by solving Eq.(31).
s
Then, the local curvature around the contact point P c is obtained since it's reciprocal

of the radius r sc . Solving the curvatures by using the circle equation is more stable and
robust than using the numerical differences of three points since it avoids the
l
discontinuities of the contact force during dynamic analysis. The fourth point O is

used to determine whether the curvature is convex or concave. The curvature is convex
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sR
sL
if two lines, respectively, constructed from the points P c to P c and from the points

P sc to Ol intersect, and it is concave if they don't.
2.3 Calculation of the normal and tangential WRI forces
This section presents the calculations of normal contact forces, creepages,
tangential forces, and the transformation of WRI forces from the contact surface to the
reference origins of the contact bodies.
Normal contact force

The normal contact force is calculated using the nonlinear Hertz theory [32]
expressed in Eq.(32) which assumes the contact area is elliptical and the pressure
distribution is semi-ellipsoidal.
Fnc =

1.5
2
c
Ch E  ( max
)
3 A+ B

(32)

In Eq.(32), the parameters A and B can be calculated depending on the local
l
curvatures of the two contact bodies[32, 33]. The local curvatures include  x and  yl

representing curvatures of the body l about X l and Y l axis, respectively. The
parameter Ch [1] is interpolated depending on the ratio A B . The parameters 
and E [32-37] are circular constant and complex modulus, respectively.
c
After the normal force Fn is calculated, the radius of the contact ellipse is

computed by using Eq.(33) since they are useful in the determination of tangential force.
13

 1.5 Fnc 
rx = m  



 E ( A + B) 

13
 1.5 Fnc 


ry = n  

 E ( A + B) 

(33)

In Eq.(33), the parameters m and n are interpolated according to the value of  h , and
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the table can be referred to literature [28, 32, 38]. The value of  h can be obtained by

h =

 B− A
acos 


 A+ B 

180

(34).

The creepage

The creepages are required for calculating the tangential force, and it is computed
depending on the velocity difference between the wheel and rail at the contact surface.
The wheel/rail translational velocity of the contact center v sc can be expressed under
the GCS as
v sc = v O + ω O  r scl
l

l

l

(35).

l

The vectors v O and ω O denote the translational and angular velocity of the reference
sl
origin (represented by O l ) with respect to GCS. The r c represents the relative

position vector of the contact patch center sc to the reference origin O l . The
superscript s denotes surface, and its subscript "c" denotes contact center.
Using the relationship, i.e., Eq.(20), the translational velocity of the wheel
reference origin v O

w

is written in

vO

w

d1W + V 


=  d 2W 
 dW 
 3 

(36)

where d1W denotes longitudinal velocity relative to its running speed V. The V is
considered as an input parameter and needs to be added to the longitudinal component
w

of the v O .

24 / 79

w

The angular velocity ωO of the wheel reference origin is written as

ωO

w

w
d 4W 
 A21

 
 w
=  0  +   A22 
d W 
 Aw 
 23 
 6 

(37).

w

The angular velocity ωO includes the nodal angular velocity of the wheel origin and
those from the wheel-rolling with a speed of  about the Y w axis of the WCS. For
a driving wheel, its angular velocity  is an input parameter and depends on the
power of its engine, while it can be obtained depending on moving speed and rolling
radius for a pulling wheel. Note that the rolling angular velocity is defined under the
WCS. It can be transformed into the global coordinate system by applying Eq.(3), i.e.,
setting

piWw =0 ( i = 1,3) and p2Ww = and O wj = 0

( j = 1, 2,3)

. The sign of the

angular velocity  follows the right-hand rule.
The relative position of each candidate contact patch center with respect to the
wheel reference origin is expressed in

r Wc w = P Wc − O w

(38).

In Eq.(38), the subscript "c" of the Wc is used to indicate the contact center.
For the rail, its translational velocity of the reference origin can be interpolated
depending on the velocities of the nodes bi and bi +1 , i.e.,

vO

r



N1L d xbi + N 2L d xbi+1
 H b

=  N1 d yi + N2H dbzi + N3H d ybi+1 + N4H dbzi+1 
 H bi
H bi
H bi +1
H bi +1 
 N1 d z + N2 d y + N3 d z + N4 d y 

(39).

The angular velocity of the reference origin is obtained by interpolation between the
velocity of rail nodes bi and bi +1 , i.e.,
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ωO

r



N1L dbxi + N1L dbxi+1
 H b

=  N1, x d z i + N2,Hx dbyi + N3,Hx d zbi+1 + N4,Hx dbyi+1 
 H bi
bi
bi +1
bi +1 
H
H
H
 N1, x d y + N2, x d z + N3, x d y + N4, x d z 

(40).

The relative position vector of each contact patch center with respect to the rail
reference origin is expressed as

r Rcr = P Rc − O r

(41).

s
The translational velocities v c at the contact center "c" can be calculated by

using Eq.(35) for the "s" surfaces, and then the velocity difference can also be obtained.
Note that the velocity difference should be expressed under CCS, and that the
longitudinal axis of the CCS is moving with a velocity of V. Therefore, before
transforming the velocities of the wheel and rail from global to contact coordinate
system, their longitudinal components should be subtracted by V. Using the
transformation equation (i.e., the second line of Eq.(9)), we can obtain the translational
and rotating velocity difference vector under the contact coordinate system shown,
respectively
v1Wc − V 
v1R c − V 
v1Wc − v1R c 






v c = A c  v2Wc  − A c  v2R c  = A c v2Wc − v2R c 
 v Wc 
 vRc 
v Wc − v R c 
3 
 3

 3 
 3

(42)

(

(43).

ω c = A c ω O − ω O
w

r

)

The rolling velocity[34, 35, 37, 39] is expressed as
v1Wc − V 
v1R c − V 
v1Wc + v1R c − 2V 
1



 1


V = A c  v2Wc  + A c  v2R c  = A c  v2Wc + v2R c 
2
 v Wc 
 vRc  2
 v Wc + v R c 
3
3


 3 
 3


which is magnitude of the mean velocity of the wheel and rail under the CCS.
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(44)

For each contact patch, translational creepage is defined as
c
c
1c  
 x 
 1 v1 
=
=
 c  c
 c
 2  
 y 
 V v2 

(45)

under the CCS. Mention that the third component of the velocity difference under the
contact coordinate is so close to zero that it can be neglected. The spin creepage is
obtained by the

 =
c
z

cz

(46).

V

The rotating velocity differences about X c and Y c axis are omitted since they are
very close to zero.
The tangential contact force

In the present work, the Kalker linear theory [34-37], Heuristic method [40], and
Polach formulation [41] are implemented. For each contact patch, the tangential forces
can be calculated depending on the creepages, radius of the elliptical contact patch, and
material properties of the two contact bodies. If the creepage is small, the tangential
forces obtained through the three methods are close, while the Polach formulation [41]
is more accurate than the other two approaches when the creepage is large, especially
when the spin creepage is large. Due to the limit of paper length, only Polach
formulation is briefly reviewed herein, i.e.,
 c
1c
 F(t ) x = F(tr )
(trC )


F c = 1 F  c + F  c
( S )  z
 (t ) y (trC ) (tr ) 2


(

)

(47)

In Eq.(47), F( tc) x and F( tc) y are components of the tangential force in CCS. The terms

F(tr ) , (trC ) and F( S ) are resultant tangential force, modified translational creepage,
and lateral tangential force caused by pure spin, respectively. The moment M tz caused
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by the spin and lateral creepages is neglected since it is small when compared to other
moments acting on the system.
Transformation of the WRI forces

The normal and tangential WRI forces obtained in each contact patch need to be
transformed from the CCS to GCS, and then transversed to the reference origins of the
wheel and rail.
The force F W (acting at the wheel reference origin) can be obtained by a
summation of all the contact forces acting on the candidate segments, i.e.,
F W =  F cI , where F cI = ( A cI )
N

I =1

T

 FtxcI 
 cI 
 Fty   CI
 F cI 
 n 

(48).

In Eq.(48), N is the total number of the candidate segments. Superscript cI is used to
denote the index of the candidate segment, e.g., FcI is a contact force acting on the
cI

th

candidate segment. When the multi-contact patch scenario is considered, the

superscript and subscript "c" in Eqs.(5)~(9), (28)~(33), (35), (38) and (41)~(47) are
replaced by " cI " to denote that the terms relate to the cI th candidate segment. A
variable C I is introduced herein to consider whether the wheel and rail are in real
contact, and it gets 1.0 in real contact, otherwise zero-value. Using the action-reaction
law, the force F R acting at the rail reference origin is obtained by

F R = −F W

(49).

Transversing WRI forces from the contact surfaces to reference origins yields
extra moment acting on the wheel and rail reference origins, respectively

28 / 79



N

MW =  r
I

N



Wc I w

M R = − r
I

R cI r



(50)



(51).

 F cI  CI

 F cI  CI

2.4 The derivation of the WRI element resisting force and stiffness
In this section, we elaborate on the derivation of the WRI element resisting force,
calculation of the stiffness, and the process to calculate the resisting force.
Derivation of the resisting force

The internal/resisting force of an element is the force that node acts on the element,
while the vectors F W and M W are force and moment acting on the wheel node, as
mentioned in Eq.(48) and Eq.(50), respectively. Therefore, the resisting force entries
corresponding to the wheel node "W" equal to the reaction of F W and M W . Then,
the WRI resisting force vector of the active part is given
 −F W 
W
ˆ =
R
 −M 
 F WRI 



(52)

which includes two parts, i.e., components relating to DOF of the wheel node (i.e.,

−FW and −M W ) and those of the rail node F WRI . The F WRI is a sub-vector of the
R̂ associated with the DOF of the rail nodes.

The F WRI is derived depending on the definition of the element resisting force
and on the virtual work of the Euler-Bernoulli beam element. The virtual work of the
Euler-Bernoulli beam element (representing rail) is presented in
  u ( Fx , x + qx −  u ) +  v ( − M z , xx + q y −  v ) 
 dL = 0
L  + w ( −M + q −  w)

y , xx
z



(53).

The u, v, w are, respectively, axial, lateral and vertical displacements at a location x,
and the  u ,  v and  w are virtual displacements with respect to them. The Fx ,
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M y and M z represent, respectively, axial resultant internal force, resultant internal
moment about the Y-axis, and resultant internal moment about the Z-axis, of the beam
cross-section. The subscript comma denotes partial differentiation, e.g., Fx , x and

M y , xx represent Fx x and  2 M y x

2

respectively. The qx , q y

and qz

denote, respectively, axial, lateral, and vertical force per unit length exerted on the
beam. The  is the density of the beam (representing rail) per unit length. The L is
the length domain of the rail beam.
We obtain weak form of the Euler-Bernoulli beam equation of motion

 ( u )

T

mudx +  ( εˆ ) σˆ dx =
T

L

L
(a)

 ( u )

T

(b)

qdx +  uFx

L

 Fx

+  vFy

 Fy

+  wFz

 Fz

+  v, x M z

M z

+  w, x M y

M y

(54)

(c) virtual work done by the external forces excepting WRI

+  uFx

 WRI
Fx

+  vFy

 WRI
Fy

+  wFz

 WRI
Fz

+  v, x M

WRI
M
z

+  w, x M

WRI
M
y

(d) virtual work done by the wheel-rail interactional forces

by applying the formula for integration by parts and the Gauss divergence theorem. The
detailed derivation of the Euler-Bernoulli beam element refers to the literatures [4244]. In Eq.(54), the terms with notes (a)~(d) are virtual works of the beam element done
by (a) inertia forces, (b) internal forces, (c) external forces excepting WRI, and (d)
reaction of the WRI forces. The boundary conditions with respect to WRI and those
with respect to external forces are written separately. The subscripts of the bound
domain  denote boundary condition types, e.g.,  WRI
,  M , and  WRI
are,
Mz
Fx
y

respectively, boundary conditions induced by WRI with respect to the axial direction,
induced by external forces excepting WRI with respect to moment about the y-axis of
the beam local coordinate system and those induced by WRI with respect to moment
about the z-axis. To simplify the expression, we used the following definitions in
Eq.(54), i.e.,
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 u, x 
u 
 Fx 
 qx 
 


 
 
m =  1, u =  v  , εˆ =  v, xx  , σˆ =  M y  and q =  q y 
 w
w 
M 
q 
 
 z
 z
 , xx 

(55)

where the sub-matrix 1 is an identity diagonal matrix with size of 3  3 .
Applying the finite element method, the length domain L is discretized into
elements. Within each element domain, the displacement vector u at a specific
location can be interpolated by using
 Nue 
 
u = N ed e =  N ev  d e
 N ew 
 

N ue =  N1L
where

N ev = 0

N ew = 0 0

(d )

e T

0 0 0 0 0 

0 0 0 0 0 N 2L
N1H

=  d x( )
1

0 0 0
N1H
d y( )
1

N2H

N2H

0

N3H

0

0 0 0
1

1

N4H 

0 0 0
N3H

d z( )  x( )  y( )  z( )
1

(56)

1

d x(

0

N4H

0 

2)

d y(

d z(

2)

2)

 x( 2)  y( 2)  z( 2) 

.
e
e
The sub-matrix N u , N v and New denote interpolation functions (within element "e")

corresponding to axil, lateral and vertical directions, respectively. The axial component
of u is interpolated using linear interpolation, while the lateral and vertical
components are obtained using Hermite interpolation. Regarding the components of
d e , the superscripts "1" and "2" denote first and second node of the element

respectively, while the "x", "y", and "z" denote direction. For example, d x(1) and  x( 2)
, respectively, denote translational displacement along X-direction of the first element
node and rotational displacement about X-direction of the second element node.
The generalized strain vector ε̂ resulting from the nodal displacements then
becomes
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 Nue , x 
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Substituting Eqs.(55)~(57) into Eq.(54) and applying boundary conditions, yields a
virtual work of motion for the discretized model, i.e.,
( d)T Fint + ( d)T F WRI = ( d)T F ext − ( d)T Md

(58)

where
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(59).

In Eq.(58), the d ,  d and d denote displacement, virtual displacement and
acceleration vectors of all the beam nodes, respectively.
Using the condition that Eq.(58) should be satisfied for arbitrary probable virtual
displacement  d , we obtain a dynamic equation of motion for beam elements
(representing the rail), i.e.,
Fint − F ext = 0, where: F ext = F ext − M ed and Fint = Fint + F WRI

(60)

where 0 is a zero vector. In Eq.(60), the force vectors are grouped into dynamic external
and internal force vectors, i.e., F ext and F int respectively. The dynamic external force

F ext is contributed by the external force vector F ext and the inertia force −M ed , while
the dynamic internal force is contributed by the deformation of the beam F int and the
effect of WRI on the rail F WRI . The F WRI is considered as the internal force herein
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and it arises/disappears in a specific element span (e.g., within element " a " from rail
nodes bi to bi +1 , see Figure 2) when a wheel moves into/out the element span.
Applying the boundary condition of the WRI, that is, the external force (see
Eq.(49)) and moment(see Eq.(51)) acting on the rail origin, the vector F WRI can be
written as

F WRI = − ( N ua ) FxR − ( N va ) FyR − ( N aw ) FzR − ( N va, x ) M zR − ( N aw, x ) M yR (61).
T

T

T

T

T

In Eq.(61), Fi R ( i = 1, 2,3) and M iR ( i = 1, 2,3) are, respectively, components of the
R
R
WRI force F (see Eq.(49)) and M (see Eq.(51)) acting at the rail reference origin.

Mention that the torsion effect of the WRI on the rail should also be considered. It is
considered by linear interpolation function and added to the F WRI , i.e.,

(

F WRI = − ( N ua ) FxR − ( N va ) FyR − ( N aw ) FzR − Nax
T

T

T

)

T

M xR − ( N va, x ) M zR − ( N aw, x ) M yR
T

T

(62).
In Eq.(62), F WRI represents the total effects of the WRI on the rail, including the
torsion effect. The sub-matrix Naix denotes interpolating functions corresponding to
rotation about the X-axis, and it is expressed as

Nax = 0 0 0 N1L 0 0 0 0 0 N2L 0 0 .
To facilitate the simulation, the F WRI is considered by a separate element (i.e.,
WRI elements), while the internal force induced by the deformation of rail can be
simulated by the existing beam elements. So, F WRI constitutes WRI element internal
force entries that relate to rail nodes bi and bi +1 , as shown in Eq.(52). In this way,
the WRI element only considers the contribution of the WRI, while the contribution of
internal force induced by the deformation of the beam element is not involved. The
arising/disappear of the WRI within a specific beam element span can be modeled in
the element determination at each time step.
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Derivation of the stiffness

ˆ
 R

The tangent matrix   of the WRI element with respect to the active portion
dˆ





is approximated using a secant matrix as expressed
ˆ   R
ˆ
 R
Rˆ I Rˆ I − Rˆ I
=
 ˆ    ˆ  or
dˆ J
dˆ J
 d   d 

( I , J = 1, 2,...,18 )

(63)

since deriving the analytical expression is of great difficulty. The size of the tangent
matrix is 18 18 for the active part of the WRI element. The terms Rˆ I and Rˆ I are
the Ith entries of the resisting force Rˆ  and R̂ , respectively. The vector Rˆ  is the
resisting force obtained after a finite small perturbation dˆ J to the d̂ . Firstly, dˆ J
is added to Jth entry of d̂ , and we obtain a perturbated displacement dˆ  . Then, the
resisting force Rˆ  is obtained depending on the dˆ  . Using Eq.(63), we obtain Jth
column of the secant matrix. Carrying out these two steps when J takes values 1~18,
we get the secant matrix for the active portion. The secant matrix is very close to the

ˆ
 R

tangent matrix if the dˆ J is very small. The tangent matrix   of the WRI
dˆ





element can be obtained by applying Eq.(17) as shown in Eq.(64).
ˆ
T  R
 R 
=
L
L



 d 
ˆ  

d



(64)

Process of calculating resisting force

In this paper, the vehicle-track system is solved using the finite element method.
Existing numerical models and element types can simulate the structures of the vehicle
and those of the track. The interaction effects between the wheels and rails (both sides
of a track) are simulated using the WRI elements. The equation of motion of the system
is integrated using the time integration algorithms, e.g., the Newmark-Beta method.
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Implicit integrations are adopted due to their stability and accuracy advantages. Within
each time step, the dynamic balance equation can be solved using a root-finding method
such as the Newton-Raphson method. Before calculation, the following information is
read from the FE model: 1) The initial locations and rotations of the wheel/rail nodes
which are defined under the global coordinate system, 2) The coordinates of the control
points representing generatrix curves (i.e., P( slI )i

( I = 1, 2,...N , i = 1, 2,3) ) which are
s

defined under the wheel and rail coordinate systems respectively, 3) Tables used to
interpolate parameters Ch , m , n, C11 , C 22 , C23 and C33 . The C11 , C 22 , C23 and
C33 are factors used to compute the tangential forces and can be referred to the

literature[34-37].
Within each Newton-Raphson iteration step, the resisting force vector R of each
WRI element needs to be calculated depending on the nodal displacement d and
velocity d . The process is listed below.
Step1: Judge whether it is the first iteration of a new time step
IF yes , THEN update the following parameters:
1.1 location of the wheel L (in Eq.(12)),
1.2 transformation matrix (in Eq.(16)) between the DOFs of the active
portion and whole WRI element,
1.3 shape functions of the beam span in the active portion,
1.4 initial location and orientation of the rail reference origin at the
location of L ( Orj

( j = 1, 2,...,6 ) in Eq.(21)),

1.5 the velocities of the wheel node, and those of the rail reference origin
(Eqs.(39) and (40)).
ENDIF
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Step2: Calculate the contact geometry of the wheel and rail:
2.1 interpolate rail displacement vector at location L (Eqs.(22) and (23)),
2.2 get current configurations of the wheel and rail ( Eqs.(18)),
2.3 determine candidate contact segments that may contact ( Eqs.(25)~(27)).
2.4 for each real contact segment, execute the following steps:
2.4.1 build contact coordinate system ( Eq.(5)).
2.4.2 calculate maximum interpenetration depths ( Eq.(28)~(30)), the
locations, and local curvatures (Eq. (31)) of contact centers.
Step3: Compute contact forces of real contact segments. For each real contact
segment, execute the following steps:
c
3.1 calculate normal contact force Fn I (Eq.(32))and contact radius(Eq.(33)),

3.2 calculate tangential and spin velocity difference of the wheel and rail in
contact coordinate system (Eqs.(42) and (43)),
3.3 obtain the creepages (Eqs.(45) and (46)),
3.4 compute tangential force (Eq.(47)) (e.g., using Polach method [41]).
Step4: Transform contact forces from contact surfaces to the reference origins of
wheel and rail (Eqs.(48) to (51)).
Step5: Calculate the resisting force and stiffness of WRI element
5.1 the resisting force of the active portion (Eq.(52)),
5.2 the secant stiffness of the active portion (Eq. (63)),
5.3 the resisting force of the WRI element(Eq.(17)),
5.4 the secant stiffness of the WRI element ( Eq.(64)).

3

Application examples
The movement of a wheelset and of a railway vehicle is studied here to verify the

accuracy and capability of the WRI element in the dynamic simulation of the VTS.
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3.1 A moving wheelset running over a straight rigid track
The previously-studied wheelset example [12] was used for verification purposes.
As shown in Figure 4, a wheelset with an initial misalignment of 2mm relative to the
track centerline is moving with a constant velocity. The wheel and rail profiles used are
the ML95 [45] and UIC50 whose profiles are depicted in Figure 4. The wheelset axle
is modeled using rigid beams, and the parameters of the wheelset are listed in Table 1.
The rolling radius of the wheel is 0.43m. The rail is simulated using beam element with
the node DOFs fixed. A rail inclination of 0.05 rad is adopted. The distance between
the two rail centerline is 1.5046m which is obtained to get a 1.5m rolling distance as
written in the literature [12]. Different moving velocities with values of 10 m/s and 15
m/s are adopted to study the hunting phenomenon of the wheelset. Mention that for the
wheel node of each WRI element, the DOF with respect to the rotation about the Y- axis
should be fixed since it is related to the rolling velocity  , and the corresponding
resisting force entry is zero.
A gravity of − M w g is loaded firstly in 10 time steps, and then a lateral force
-4
with value of 2.758  10 M w g is acted onto the wheelset center in 10 steps to get

misalignment of 2mm. These 20 steps are analyzed statically, and the tangential force
is not considered. The lateral force acts on the wheelset in the time period from 0.01s
to 0.02s, and it disappears after 0.02s. After that, the analysis is done dynamically when
the tangential force is considered. The Newmark-Beta method [46] is applied for time
integration with  = 0.5 and  = 0.25 , and the time step is 0.001s.
Table 1 Parameters of the wheelset of the ML95 Train

Parameter

Symbol Value

Mass of the wheelset

Mw

933 kg

Inertia about X-axis

J xx

461.4 kg  m2
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Inertia about Y-axis

J yy

61.6 kg  m2

Inertia about Z-axis

J zz

461.4 kg  m2

Distance of the right and left rail centerline Wr

1.505 m

Distance of the right and left wheel origin

Ww

1.5046 m

Young's modulus of the rail and wheel

E

2.06e11 N/m2

Poisson's ratio of the rail and wheel



0.296

Rolling radius of the wheel

R0

0.43 m

3. Example 2 ----compare with Pombo’s results
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Figure 4 A wheelset moving with an initial misalignment

Figure 5 shows the comparison of the lateral displacement of the wheelset center
calculated by using the WRI element proposed in the present article and those obtained
in [11, 12, 45, 47, 48] for a speed of 10m/s. The results conform to harmonic vibration
with a growing amplitude, and a good agreement is achieved. The average time cycles
are 1.592s and 1.589s (the discrepancy is about 0.19%), respectively, for the
displacement using the WRI element and results obtained in Pombo et al. [11, 12, 45,

[1] J.C.E.J. Pombo. PhD thesis. A multibody methodology for railway dynamics applications. 2004

47, 48]. The relative amplitude differences around the times 1.6s, 3.2s, and 4.8s are
3.16%, 3.81%, and 3.15%, respectively. The comparison in the period 0~0.02s is not
shown in the figure because the ways to get the initial misalignment are different in the
two compared results. Note that the initial lateral velocity of the wheelset is zero at time
t=0.02s since the lateral force is loaded statically.
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Figure 6 presents lateral contact forces (acting from rail to wheel) calculated by
the present method and those of the literature [11, 12] for the left and right wheels. The
results obtained by using the WRI element coincides well with the results obtained by
Pombo et al. [11, 12]. For example, their average time cycles are 1.59s and 1.56s (the
discrepancy is about 1.6%), respectively, for the left side. For the right wheel, these are
1.59s and 1.58s, with a discrepancy of 0.7%. The relative differences in the peak values
at about 0.84s, 2.42s, and 4.0s are -1.84%, -1.20%, and -0.89% respectively, for the left
side. For the right side at about 1.62s, 3.21s and 4.80s these are -1.74%, -2.44% and 2.11%, respectively.
The following reasons can explain the small differences in the displacements and
contact forces: 1) Different ways to calculate the normal contact force, i.e., the energy
dissipation [11, 49, 50] is considered in Pombo's contact model while neglected in the
present paper; 2) The different selection criteria that are used to determine the location
of the contact points. In the approaches developed by Pombo et al. [11, 12], the contact
point is determined by two conditions, i.e., the tangent vector of the wheel surface
around the contact point should parallel that of the rail surface, and the interpenetration
at the contact points get the maximum value. The wheel and rail surfaces are fitted into
parameterized lines (e.g., cubic splines). The coefficients of the piecewise cubic splines
representing wheel and rail surfaces need be solved repeatedly if the two surfaces have
undergone rotations and translations, which may require extensive computational effort.
In the WRI element proposed in this paper, the two points that have the deepest
c
interpenetration in direction ê 3 are considered to be the contact points of the

corresponding surface, as written in section 2.2. In contrast, the criteria in [11, 12] is a
stricter condition than the one proposed in the paper. The two criteria are close, but the
one adopted in the WRI element presented in this study does not need extra effort to
solve interpolation factors since the linear interpolation is used, and the two surfaces
don't need to be convex.
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Figure 5 Lateral displacement of the wheelset center with a moving velocity of 10 m/s.

Figure 6 Lateral wheel-rail contact force on left and right side when the moving velocity is 10m/s.

To verify the results in flange-contact scenarios, the lateral displacement and
lateral contact forces obtained using the WRI element are compared with those obtained
in Pombo et al., [11, 12] for a moving velocity of 15m/s, as shown in Figure 7 and
Figure 9. In Figure 7, the wheelset vibrates harmonically in the lateral direction with an
increasing amplitude, which stops growing after it reaches 6.97 mm at 8.48 s. The
lateral movement of the wheelset is limited between the two rails because of the contact
between the rail and wheel flange (see Figure 8). In this example, the lateral
displacement amplitude of the wheelset is from -6.97mm to 6.97mm. A good agreement
is also achieved here, and the average time cycles are 1.06s and 1.05s (the discrepancy
is about 1.08%) before flange contact occurs, for the displacements obtained with the
proposed WRI element and with the model proposed by Pombo [45, 47, 48],
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respectively. Those after the occurrence of flange contact are about 1.04s and 1.03s
with a discrepancy of 0.5%. The flange contact scenario is observed at time step
t=8.48s, as shown in Figure 8.
In Figure 9, the lateral contact force in the period 0~8.48s obtained by the two
methods meets well, while it doesn't after 8.48s, especially in the periods (e.g.,
8.48s~8.57s, 8.92s~9.08s, and 9.40s~9.70s, etc.) when flange contact occurs.
According to the European Standard [51], the ratio of the lateral and vertical contact
forces should be low-pass filtered with a cut-off frequency of 20 Hz in order to assess
the running safety criteria. Therefore, this filter is applied to the contact forces
calculated using the proposed WRI element. The vibration of the filtered contact force
by using the proposed approach goes behind those of the Pombo's slightly, and the
amplitudes also differ at contact periods. However, the peak value obtained by the
proposed approach is more stable, and the filtered contact forces of the two methods
agree much better than un-filtered ones. The differences may be caused by the different
normal contact force models and the difference in the contact location criteria, as
previously mentioned.
The results in this comparative example demonstrate that the proposed WRI
element is reliable and can accurately simulate the dynamic analysis of the vehicle-rail
coupling system, including wheel-rail multi-point contact situations.
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Figure 7 Lateral displacement of the wheelset center while the moving velocity is 15 m/s

Figure 8 Flange contact scenario of the wheelset at time step t=8.48s
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Figure 9 Lateral contact forces on the left and right rails while the moving velocity is 15m/s

3.2 A light rail vehicle running over a straight rigid track
For verification purposes, the hunting movement of a ML95 trailer vehicle is
studied [45, 47, 48]. In this example, the vehicle is subjected to an initial misalignment
of 2mm with respect to the track centerline by the load patterns shown in Figure 10.
The results obtained by the proposed WRI are compared with those obtained by the
code developed by Montenegro et al., [27, 28] which has been verified by experimental
tests and successfully adopted in practical running safety problems [47, 52, 53]. In both
the proposed WRI element and Montenegro's wheel-rail contact element, the Hertz
theory and the Polach's formulation are applied for the calculation of normal and
tangential forces, respectively. The difference between the two codes lies in the
geometry part, including the contact search, calculation of the surface curvatures, and
direction definition of the normal forces. The wheel-rail profile adopted in the example
is the same as those used in the wheelset example. Detailed parameters of the track and
vehicle, including the characteristics of the primary and secondary suspension elements,
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are detailed in [11]. The spring and dampers are modeled using three-dimensional
twoNodeLink [29, 30] elements. Train speeds of 50 m/s and 70 m/s are adopted in this
[1] J.C.E.J. Pombo “A multibody methodology for railway
dynamics applications ”PhD thesis, 2015. pages 227~239
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Figure 10 Model of a vehicle track example

Figure 11 to Figure 14 present, respectively, the lateral and vertical displacements,
rotations about the X and Z axis (i.e., rolling and yaw rotation), and lateral contact forces
of the four wheelsets (numbered 1~4 from rear to front) for a train speed of 50m/s. The
responses of the four wheelsets are in the form of harmonic vibration with a decreasing
amplitude. The results obtained by the two methods present a good agreement. In all
that follows, the two methods refer to using the proposed WRI element and the code
developed by Montenegro et al. [27, 28]. The responses of the rear wheelset (i.e., the
wheelset numbered 1) are compared and analyzed in more detail as below.
In Figure 11, the lateral displacements of the rear wheelset are 2.17 mm and 2mm
at around 1.43s~1.45s, respectively, with a relative difference of 8.67%. The
logarithmic decrements [46] of the amplitude are about 0.207 and 0.215, respectively,
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with a relative discrepancy of 3.6%. In Figure 12, the rolling rotations obtained by the
two methods at around 0.14s are 8.46  10 −3 deg and 7.80 10 −3 deg, respectively, with
a difference of 8.44%. The logarithmic decrements of the amplitudes are the same as
those of the lateral displacement. In Figure 13, the yaw rotations of the two methods
are 3.13 10 −2 deg and 2.86 10−2 deg, respectively, at around 0.50~0.51s, with a
relative difference of 9.67%. Logarithmic decrements of the amplitudes are 0.209 and
0.213, respectively, with a difference of 1.83%.
In Figure 14, the wheel-rail contact force of the rear wheelset reaches the
maximum value at 0.11s due to the effect of the external lateral force that is used to
induce an initial lateral misalignment of 2 mm. With the withdrawal of the lateral
external force, the lateral contact force decreases rapidly after 0.11s. The lateral contact
force fluctuation is in the form of decaying harmonic vibration after 0.15s. The contact
force amplitudes of the two methods at around 0.41s~0.43s are 1.278kN and 1.229kN
(with a relative difference of 3.99%), respectively. The logarithmic decrements of
amplitudes are 0.153 and 0.154, respectively, with a difference of 0.4%. The vibration
periods are 0.523s and 0.533s (with a relative difference of 1.84%) for the results
obtained by the two methods, respectively.
To analyze the causes of the small discrepancies between the two methods, the
wheel-rail contact locations are compared further, as shown in Figure 15. Note that the
wheel/rail relative location refers to the Y l components of the contact point location
under the wheel/rail coordinate system. As shown in Figure 15, at the beginning (from
0.01s to 0.14s), the contact locations of the wheel-rail on both sides move to the left
(i.e., negative direction of the Y l axis of the wheel/rail coordinate system). This is
reasonable since the wheelset will move to the right side and meanwhile rotate about
the positive direction of the X axis (i.e., counterclockwise) due to the rightward push of
the external force (see the load pattern shown in Figure 10). The rightward motion
causes a left movement of the wheel contact point from wheel origin, and the
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counterclockwise rotation leads to a left translation of the rail contact point from rail
origin.
In Figure 15, the locations of the rail contact point obtained by the two methods
differ, e.g., a relative discrepancy of 12.57% is observed at 0.14s. However, the
fluctuation of the rail contact location itself is small. Therefore, the difference of the
rail contact location does not affect the results significantly. The wheel contact point
locations of the two methods fit each other better than those of the rail contact location,
e.g., the relative difference at about 1.42s~1.45s is 12.21%. The osculating period of
the wheel contact location by the two methods are, respectively, 0.522s and 0.533s with
a relative discrepancy of 2.03%, and the logarithmic decrements of the amplitudes are
0.196 and 0.217 respectively with a difference of 9.63%. The fluctuation trend of wheel
contact point deviation between the two methods is consistent with those of the lateral
displacement, rolling rotation, yaw rotation, and lateral contact force. Therefore, the
different contact-point locations of the two methods should be one of the main reasons
that cause differences in the results.
The deviation of the contact location between the two methods is caused by the
different selection criteria to determine the contact location, as sketched in Figure 16.
In the Wheel-Rail Contact (WRC) element developed by Montenegro et al. [27], the
WRC point is evaluated based on two nonlinear conditions which ensure that the
tangent vector to the rail is perpendicular to the vector defining the relative position
between the wheel and rail contact positions and that the normal vector to the rail is
perpendicular to the tangent vector to the wheel. Different to the WRC element
developed by Montenegro et al. [27], in the WRI element proposed in this paper, the
c
direction of the normal force (denoted as ê 3 ) is determined by a cross-product of the

ê1 and the connection vector (denoted as ê c2 ) of two intersecting points as written in
c
Eq.(5). The two points that have the deepest interpenetration in direction ê 3 are
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considered to be the contact points of the corresponding surface. The different contact
point locations lead to the discrepancies in normal contact force direction, the tangent
velocity of the wheel and rail (see Eq.(35)), which will further affect the creepages (see
Eq.(45) and Eq.(46)) and tangential contact force.
The same study is also carried out for a train speed of 70m/s, and the results are
shown in Figure 17 to Figure 21. The responses of the four wheelsets are in the form of
harmonic vibration with an increasing amplitude which stops increasing after it reaches
about 6.8mm. The responses of the rear wheelset (i.e., the wheelset numbered 1) will
be compared in more detail. In the following discussion, we refer to the period (i.e.,
from 0.14s to 1.19s) during which the amplitude increases as the growth phase, and the
period (after 1.32s) during which the amplitude keeps unchanged as the flange contact
phase. The results obtained by the two methods are compared both in the growth and
flange contact phases. The osculating periods, logarithmic decrements of the
amplitudes, and flange contact time intervals with respect to all the responses are the
same, therefore, only those with respect to the lateral displacements are presented.
Figure 17 shows the lateral displacements of the four wheelsets at a running speed
of 70m/s. In the growth phase, the amplitudes of the rear wheelset are -2.75mm and 2.47mm at around 0.34s~0.36s, respectively, with a relative difference of 11.25%. The
average osculating periods are about 0.40s and 0.42s, with a relative difference of
3.76%. The average logarithmic decrements of the lateral displacement amplitudes are
about -0.48 and -0.41, with a relative difference of 18.47%. The minus value of the
logarithmic decrements means that the amplitude is increasing. In the flange contact
phase, the amplitude stops increasing since the oscillation of the wheelset is limited by
contacts between the rail and wheel-flange. The flange contact situations happen at
every 0.37s and 0.38s, respectively, with a relative difference of 2.72%. The amplitudes
are 6.91mm and 6.80mm, respectively, with a relative difference of 1.51%.
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The rolling rotations of the four wheelsets are shown in Figure 18. In the growth
phase, the amplitudes of the rear wheelset in a specific time period (e.g., 0.34s~0.36s)
are −1.07  10 −2 deg and −9.66  10 −3 deg, respectively, with a relative difference of
10.65%. In the flange contact phase, the amplitudes are 2.68 10 −2 deg and 2.65 10 −2
deg, respectively, with a relative difference of 1.36%. It’s observed that the osculating
periods, logarithmic decrements of the amplitudes, and flange contact time intervals
with respect to the rolling rotations are the same as those of the lateral displacement
responses.
The yaw rotations of the four wheelsets are shown in Figure 19. In the growth
phase, the amplitudes of the rear wheelset are −6.17  10 −2 deg and −5.30  10 −2 deg at
around 0.62s~0.64s, respectively, with a relative difference of 16.27%. In the flange
contact phase, the amplitudes are 1.28 10−1 deg and 1.29 10−1 deg, respectively,
with a relative difference of 0.77%. The osculating periods, logarithmic decrements of
the amplitudes, and flange contact time intervals with respect to the yaw rotations are
the same as those of the lateral displacement responses.
The results in Figure 17~Figure 19 illustrate that the responses obtained by the
two methods agree well. The reasons for the differences have been explained in section
3.1, that is, the difference in the calculations of the contact-point location leads to the
discrepancies in the results obtained by the two methods. To further illustrate this, the
responses of the lateral contact force and the contact point location are also presented
and analyzed herein.
The lateral contact forces (applied by the track to the rear wheelset) are shown in
Figure 20. The contact forces of the left wheel are discussed in detail as below. In the
growth phase, the contact force responses are close, e.g., the amplitudes at around
0.78s~0.81s are 3.10kN and 2.66kN, respectively, with a relative difference of 16.68%.
In the flange contact phase, the amplitude of the force obtained using the WRI element
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is limited to 40.5 kN, while those obtained by the WRC element [30] change from 42.09
kN to 50.2 kN. It’s noticeable that when the rail collides with the wheel flange there are
contact force responses with high amplitudes (about 41kN~51kN), and then high
frequency vibrations (about 145Hz) are observed afterwards. The high amplitude is
caused by the collision between the track and the rim. The high frequency fluctuations
are aroused by a relatively large wheel-rail contact stiffness (about 5.5  108 kN) and a
relatively small wheel mass (700kg, half of the wheelset’s mass). Assuming a single
degree of freedom vibration, the frequency can be estimated to be about 141.08 Hz
which is close to the observed value.
The wheel-rail contact locations of the rear wheelset are shown in Figure 21. Note
that the wheel/rail relative locations are the Y l components of the contact point
location under the wheel/rail coordinate system. The responses of the left side are
discussed in detail as below. Regarding the responses of the wheel relative contact point
location, amplitudes of 4.532mm and 3.727mm (with a discrepancy of 21.60%) are
observed at a specific time interval of 0.751s~0.0.772s in the growth phase. In the
flange contact phase, the amplitudes in the negative direction are about 7.096mm and
7.062mm, respectively, with a discrepancy of 0.42%. The difference in the response
amplitude with respect to the wheel relative contact point location is small because the
wheel tread is relatively flat (i.e., the curvature of the surface is very small, see Figure
8).
Regarding the responses of the rail relative contact point location, amplitudes of
−8.84  10 −2 mm and −7.23  10 −2 mm (with a discrepancy of 22.27%) are observed at

a specific time interval of 0.96s~0.98s in the growth phase. In the flange contact phase,
responses of high-amplitudes and high-frequencies are observed. The amplitudes in the
negative direction are about −1.06  10 −1 mm if the WRI element is used, while those
change from -0.106mm to -0.170mm if the WRC element [30] is used for calculation.
The causes of the high-frequency responses have been explained previously. As
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explained above, the different selection criteria to determine the contact location results
in the discrepancies in the rail contact point locations. However, this has a limited
impact on the other results since the rail relative contact point locations are small (e.g.,
-0.18mm~0.18mm).
Within the WRC element, the tangents of the two contact generatrix curves need
to be parallel at the contact points (see Figure 16 b), and the contact points are solved
on two segmented spline fitting curves. This inevitably causes jumps of the contact
locations when the wheel/rail translates and rotates. Within the WRI element, the
contact points are solved by the algorithm described in the section 2.2, which avoids
the contact point jump in the dynamic analysis. Actually, when relative displacements
of the wheel and rail are continuous, the contact locations should be continuous.
Furthermore, two objects with different slopes on the local curved surfaces can also
contact. The results in Figure 20 and Figure 21 imply that the WRI element developed
in this paper seems to have more robust stability in flange contact simulations than the
WRC element previously developed by Montenegro et al. [30].
The comparisons of results for a vehicle moving on the straight track demonstrates
that the WRI element proposed in this paper is reliable in the dynamic analysis of VTS
and has a strong ability in the wheel-rail flange contact scenarios. The results show that,
for 50m/s (180km/h), the movement induced by the track centerline misalignment
decays, while it grows if the velocity is higher (70m/s). However, the lateral movement
of the vehicle will be constrained by the flange contact, leading to possible risks of
derailment [11].
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Figure 11 Lateral displacement of four wheelsets while the moving velocity is 50 m/s

Figure 12 Rolling rotation of four wheelsets while the moving velocity is 50 m/s

51 / 79

Figure 13 Yaw rotation of the four wheelsets while the moving velocity is 50 m/s

Figure 14 Lateral contact force of the wheelset 1 with the moving velocity of 50 m/s
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Figure 15 Contact location of the wheelset 1 with the moving velocity of 50m/s
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Figure 16 The criteria of contact point determination of, a) the WRI element, and b) WRC element
Montenegro et al., [27].
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Figure 17 Lateral displacement of four wheelsets while the moving velocity is 70 m/s

Figure 18 Rolling rotation of four wheelsets while the moving velocity is 70 m/s
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Figure 19 Yaw rotation of the four wheelsets while the moving velocity is 70 m/s

Figure 20 Lateral contact force of the wheelset 1 with the moving velocity of 70 m/s
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Figure 21 Contact location of the wheelset 1 with a moving velocity of 70m/s

4

Conclusions
A novel wheel-rail interaction (WRI) element is developed to study dynamic

responses of vehicle-track systems (VTS). The element consists of a moving wheel
node and all the nodes of the rail that it may potentially pass through, and simulates the
WRI by its resisting/internal force. The main formulations and flowchart of the WRI
element are elaborated. The element is implemented in an open source finite element
(FE) framework, OpenSees, and verified by comparing with previously published
works. The hunting phenomenon that occurs in a wheelset and a vehicle running over
a straight rigid track are studied to evaluate the capacity of the WRI element. It is
observed that the hunting movement induced by misalignments tends to decay when
the velocity of the vehicle is relatively slow but grows when the velocity is above a
critical limit. In the latter scenario, the lateral movement of the vehicle is constrained
by the flange, which may increase the risk derailment. The comparison between the
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results obtained using the proposed method and those in the literature demonstrates that
the WRI element is practical and reliable in the sense that it can efficiently and
accurately simulate the dynamic responses of VTS, and able to consider special cases,
e.g., the wheel-rail flange contact situations.
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Appendix A
Variable

Meaning

eˆ i , i =1,2,3

Basis vectors defining directions of X(axial), Y(lateral),
Z(vertical) axis of the global coordinate system (GCS).

eˆ iw , i =1,2,3

Basis vectors defining directions of X w (axial), Y w
(lateral) and Z w (vertical) axis of the wheel coordinate
system (WCS).

eˆ ir , i =1,2,3

Basis vectors defining directions of X r ( axial), Y r
(lateral) and Z r (vertical) axis of the rail coordinate
system (RCS).

eˆ ic , i =1,2,3

Basis vectors defining directions of X c (axial), Y c
(lateral)and Z c (vertical) axis of the contact coordinate
system (CCS).

O , O r , O w Oc

Origins of the GCS, RCS, WCS and CCS, respectively.

O , Or , O w Oc

Position vectors of the O , O r , O w and Oc , respectively.
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( i = 1, 2,3)

Components of the position vectors O .

Oir ( i = 1, 2,3)

Components of the position vectors O r .

Oiw ( i = 1, 2,3)

Components of the position vectors O w .

Oic ( i = 1, 2,3)

Components of the position vectors O c .

Oi

W

p , p

R

p W , pR
W
i

p

R
i

p

p

Representative points on wheel and rail surfaces,
respectively.
Position vectors of the points
respectively.

p W and

pR ,

( i = 1, 2,3)

Components of the position vector p W expressed
under GCS.

( i = 1, 2,3)

Components of the position vector p R expressed
under GCS.
Representing a point of the wheel (or rail) surface if the
value of “s” is “W” (or “R”).

s

ps

Position vector of the point p s relative to the global
origin.

pis , ( i = 1, 2,3)

Components the vector p s expressed under the GCS.

p Ww

Position vector of the point p W relative to the WCS
origin O w .

piWw

Components of the position vector p Ww expressed
under the WCS.

( i = 1, 2,3)

p Rr

Position vector of the point pR relative to the RCS
origin O r .

piRr

Components of the position vector p Rr expressed
under the RCS.

( i = 1, 2,3)

p Wc

Position vector of the point p W relative to the CCS
origin.

piWc

Wc
Components of the position vector p
expressed
under the CCS.

p Rc

( i = 1, 2,3)

Position vector of the point pR relative to the CCS
origin.
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piRc

( i = 1, 2,3)

Rc
Components of the position vector p
expressed
under the CCS.

l

A variable used to represent "w"(i.e., wheel) or “r” (i.e.,
rail) coordinate system. The quantities with a
superscript of the “l” denote that it is expressed under
l
or relative to the WCS or RCS, e.g., A represents
A w (if the “l=w”) or A r (if the “l=r”).

Al

Transformation matrix for the basis vectors from the
GCS to the WCS (if the l takes the value “w”) or RCS
(if the l takes the value “r”).

( i, j = 1, 2,3)

Aijl

 x , z
O

Components of the transformation matrix A l
Rotations about X and Z axis, respectively
Position vector of the “l” (i.e., wheel or rail) coordinate
system origin.

l

Oil ( i = 1, 2,3)

w
Representing components of the vector O if “l” takes
r
the value “w”, otherwise, components of the O if the
“l” takes the value “r”.

p sl

s
Position vector of the point p relative to the "l"
coordinate system origin

pisl

sl
Components of the position vector p expressed
under "l" (wheel or rail) coordinate system.

dO

( i = 1, 2,3)

Displacement vector of the wheel origin O w or rail
r
origin O .

l

Position vector representing the initial location of the
“l” (i.e., wheel or rail) coordinate system origin.

O

l

Pb , Pb ,…, Pb
1

2

n

Pb , Pb ,…, Pb
1

Ac

2

n

The first, second, …, and nth boundary points of the
virtual interpenetration patches, see Figure 3(a).
Position vectors of the points Pb , Pb ,…, Pb relative
1

2

n

to the global coordinate origin.
The transformation matrix for the coordinate basis
from the CCS to the GCS.
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Aijc (i, j = 1, 2,3)

c
Components of the transformation matrix A .

Position vector of the point p s relative to the CCS
p sc

origin.

pisc

( i = 1, 2,3)

 ik

( i, k = 1, 2,3)

Components of the position vector p sc .

Kronecker delta entries of the 3x3 identity matrix.
A force vector.

F

Fj

( j = 1, 2,3)

Components of the force vector F expressed under
the GCS.

Fi c

( i = 1, 2,3)

Components of the force vector F expressed under
the CCS.

d

d

d

Nodal displacement vector of the WRI element.
Nodal displacement vector of a wheel node with node
number “W”.

W

Nodal displacement vector of the rail beam node with
node number bi.

bi

d xW , d yW , d zW

 xW ,  yW , zW

The first three components of the wheel node
displacement vector d W . They are translational
displacements along the X, Y and Z axis.
The last three components of the wheel node vector
d W . They are rotations about the X, Y and Z axis.
Displacement components of the wheel node. The first
three components are translational displacements
d xW , d yW and d zW , while the last three components are

dW
j

( j =1,2,...,6)

d xbi , d ybi , d zbi

rotations  xW ,  yW and  zW .
The first three components of the rail nodal
displacement vector db . They are translational
displacements along the X, Y and Z axis.
i
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 xb ,  yb , zb
i

i

i

The last three components of the rail nodal
displacement vector db . They are rotations about the
X, Y and Z axis.
i

Displacement components of the wheel node. The first
three components are translational displacements
d xW , d yW and d zW , while the last three components are

d bji

( j =1,2,...,6 )

rotational displacements  xW ,  yW and  zW .
Element resisting/internal force vector of the WRI
element.

R

R

W

R

bi

Sub-vector of the element resisting force vector R
relating to the wheel node with node number “W”.
Sub-vector of the element resisting force vector R
relating to the rail beam node with node number bi.

FxW , FyW , FzW

The first three components of the R W . They are
internal forces along the X, Y and Z axis.

M xW , M yW , M zW

The last three components of the R W . They are
internal moments about the X, Y and Z axis.
Internal force/moment components of the R W . The
first three components are FxW , FyW , FzW , while the last

RW
j

( j =1,2,...,6)

Fxbi , Fybi , Fzbi

M xbi , M ybi , M zbi

three components are M xW , M yW , M zW .
The first three components of the sub-vector R bi
relating to the rail beam node with node number bi.
They are internal forces along the X, Y and Z axis.
The last three components of the sub-vector R bi
relating to the rail beam node with node number bi.
They are internal moments about the X, Y and Z axis.
Internal force/moment components of the R bi . The
first three components are Fxbi , Fybi , Fzbi , while the last

Rbji

( j =1,2,...,6 )

three components are M xbi , M ybi , M zbi .
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d

Derivative of the displacement vector d with respect
to time, i.e., velocity of the WRI element.

V

Moving speed of the wheel.

D0

Initial distance of the wheel node away from the first
rail node.

t

Time.

D

Distance of the wheel node away from the first rail
node at time t.

d̂

A sub-vector of the WRI element nodal displacement
vector d with respect to the active portion. It’s
extracted from the d .

R̂

A sub-vector of the WRI element resisting force vector
R with respect to the active portion. It’s extracted
from the R .

L
N

Transformation matrix connecting the DOFs of the
active portion to those of the WRI element.
Total number of the control points for the wheel/rail
generatrix curve.

s

P(slI )

( I = 1, 2,..., N )

P( slI)i

( i = 1, 2, 3) or

s

P( slI ) x , P( slI ) y , P( slI ) z

P(sI )

( I = 1, 2,..., N )

P( sI )i

( i = 1, 2, 3) or

s

P( sI ) x , P( sI ) y , P( sI ) z

Position vectors of the control points on the generatrix
curve of the “s” (i.e., wheel or rail) surface relative to
“l” (i.e., wheel or rail coordinate system) origin.
Longitudinal, lateral and vertical components of the
position vector of the Ith control points on the “s”
generatrix curve. They are expressed under “l”
coordinate system.
Position vectors of the control points on the generatrix
curve of the “s” (i.e., wheel or rail) surface relative to
global coordinate system origin.
Longitudinal, lateral and vertical components of the
position vector of the Ith control points on the “s”
generatrix curve. They are expressed under global
coordinate system.
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Matrix storing all position vectors of the control points
on the “s” generatrix curve. The position vectors are
expressed under the GCS, with each row of the matrix
representing components of the position vector of a
control point.

 P s 
l

Ol

l

l

d xO , d yO , d zO , dOx , d y ,
l

Displacement components of the reference origin O l (
i.e., wheel or rail coordinate system origin). The first
three components represent translational displacements
in the X, Y and Z direction, while the rest three represent
rotations about the X, Y and Z axis, respectively.

l

dOz or

( i = 1, 2,...,6)

l

diO

( i = 1, 2,..., 6 )

diW

diO

Displacement components of the wheel node “W”. The
first three components represent translational
displacements in the X, Y and Z directions, while the
rest three represent rotations about the X, Y and Z axis,
respectively.

( i = 1, 2,...,6)

w

diW

( i = 1, 2,..., 6 )

OJbi

( J = 1, 2,..., 6 )

velocity components of the WCS origin.

Velocity components of wheel node.
or

Ox , O , Oz , Ox , O ,
bi

bi
y

bi

bi

Obz i

( J = 1, 2,..., 6 )

Ox

, O

bi +1

bi+1
y

, Oz

bi +1

or

, Ox

bi+1

Oby i+1 , Oz i+1
b

OJr

( J = 1, 2,..., 6 )

nodes bi

expressed under GCS. The first three

bi
y

OJbi+1

Components of the initial position vector at the rail

components represent locations with respect to the X, Y
and Z axis, and the last three components represent
orientations with respect to the X, Y and Z axis.
Components of the initial position vector at the rail
nodes bi +1 expressed under GCS. The first three

,

components represent locations with respect to the X, Y
and Z axis, and the last three components represent
orientations with respect to the X, Y and Z axis.

or

Oxr ,Oyr , Ozr , Oxr ,Ory , Ozr

Components of the initial position vector of the RCS
origin expressed under GCS. The first three
components represent locations with respect to the X, Y
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and Z axis, and the last three components represent
orientations with respect to the X, Y and Z axis.

N1L , N 2L
N IH

The linear interpolation functions.

( I = 1, 2,3, 4)

The Hermite interpolation functions.

N IH, x ( I = 1, 2,3, 4 )

The derivative of the Hermite interpolation functions
with respect to x.

N R and N W

Total number of the control points for the wheel and
rail generatrix curves, respectively.

P( ) , I = 1, 2,..., N 

A set including Y components of all wheel control point
position vectors.

P( ) , I = 1, 2,..., N 

A set including Y components of all rail control point
position vectors.

W
I y

R
I y

W

R

Minimum Y component value of the intersection of the
two sets (i.e.,
ymin

P( ) , I = 1, 2,..., N   P( ) , I = 1, 2,..., N  ).
W
I y

W

R
I y

R

Maximum Y component value of the intersection of the
two sets (i.e.,
ymax

P( ) , I = 1, 2,..., N   P( ) , I = 1, 2,..., N  ).
W
I y

W

R
I y

R

The first rail control point (from left to right) whose Y
P RbR

( )
1

component value is larger than or equal to ymin .
The first rail control point (from right to left) whose Y

R

P bR

( )
2

component value is smaller than or equal to ymax .
The first wheel control point (from left to right) whose

P Wb W

( )
1

Y component value is larger than or equal to ymin .
The first wheel control point (from right to left) whose

P Wb W

( )
2

Y component value is smaller than or equal to ymax .
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Indices of the P RbR and P RbR among all the rail
(1)
( 2)
control points corresponding to the points P RbR and
(1)

b1R and b2R

P RbR , respectively.

( )
2

Indices of the P Wb W and P Wb W among all the wheel
(1 )
(2)
control points corresponding to the points P Wb W and
(1 )

b1W and b2W

P Wb W , respectively.

( )
2

The line segment between the rail points P(Rj ) and
P(Rj ) P(Rj+1)

P(Rj +1)

The line segment between the wheel points P(Wj ) and
P(Wi ) P(Wi+1)

P(W
PW PR
i ) ( i +1) ( j )

P(W
PW PR
i ) ( i +1) ( j +1)

P(Rj +1) P(Rj ) P(W
i)

P(Wj +1)
W
R
W
Triangle composed of the points P( i ) , P( i+1) and P( j )

in sequence.
R
W
W
Triangle composed of the points P( i ) , P( i+1) and P( j+1)

in sequence.
R
R
W
Triangle composed of the points P( j+1) , P( j ) and P( i ) in

sequence.
R
R
Position vectors of the rail points P( j ) and P( j+1) ,

P(Rj ) and P(Rj+1)

respectively.
W
W
Position vectors of the wheel points P( i ) and P( i+1) ,

and P(Wi+1)
P(W
i)

respectively.
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Area

vectors

of

the

P(W
PW PR ,
i ) ( i +1) ( j )

triangles

1
3
2
S( ) , S ( ) , S ( )

and P(Rj +1) P(Rj ) P(Wi ) , respectively.
P(W
PW PR
i ) ( i +1) ( j +1)

PbJ

The J th intersectional point between the wheel and rail
generatrix curves.

Pb , Pb ,…, Pb
1

2

n

All the intersectional points between the wheel and rail
generatrix curves.
X components of the area vectors S( ) , S (
1

1
3
2
S1( ) , S1( ) and S1( )

2)

and S (

3)

, respectively.
The line segment between the wheel point P(Wi ) and the

P(Wi ) PbJ

intersectional point PbJ .
The line segment consisted of the intersectional point

PbJ P(Wi+1)

PbJ and the wheel control point P(Wi+1) in the right.
The line segment consisted of the intersectional point

PbJ P(Rj+1)

PbJ and the rail control point P(Rj +1) in the right.
The third direction vector of the CCS built between the

eˆ 3cI

intersectional points PbI and PbI +1 .

 max

The maximum virtual interpenetration depth within a
candidate contact segment.
The difference between the rail control point P(Ri ) and

 (Ri )

c
the wheel generatrix curve in the eˆ 3I direction.

P( iRc) y , P( iRc) z

Y c and Z c components of the ith rail control point
position vector expressed under CCS, respectively.

P( Wc
, P( nWc
n) y
)z

Y c and Z c components of the nth wheel control point
position vector expressed under CCS, respectively.
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Yc
P( Wc
, P( Wc
n +1) y
n +1) z

and

( n + 1)

Z c components of the

th

wheel

control point position vector expressed under CCS,
respectively.
The difference between the rail generatrix curve and

 (Wj )

c
the j th wheel control point P(Wj ) in the eˆ 3I direction.

Y c and Z c components of the j th wheel control
P( Wc
, P( Wc
j) y
j)z

point position
respectively.

vector

expressed

P( Rc
, P( Rc
m) y
m) z

Y c and Z c components of the mth rail control point
position vector expressed under CCS, respectively.
Y c - and Z c components of the

P( Rc
, P( Rc
m +1) y
m +1) z

point position
respectively.

vector

under

( m + 1)

expressed

th

CCS,

rail control

under

CCS,

The maximum interpenetration between the rail and
c
 max

c
wheel generatrix curves in the ê 3 direction.

The point on the wheel and rail surface where the
c
maximum interpenetration  max

P Wc and P R c
P Wc and P R c

can be obtained,

respectively.
The position vector of the points P

Wc

R
and P c .

The point and its position vector on the “s” (i.e., wheel
or rail) surface where the maximum interpenetration

P sc and P sc

c
 max
can be obtained, respectively.

Pysc and Pzsc

s
Y and Z components of the position vector P c .

Two points with a distance of d right and left away

P sc L and P sc R

s
from the point P c .
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P sc L and P sc R

sR
sL
Position vectors of the points P c and P c .

Pysc L and Pzsc L

sL
Y and Z components of the position vector P c .

Pysc R and Pzsc R

sR
Y and Z components of the position vector P c .

sL
The center of the circle on which the three points P c

O

sc

O sc

Oysc and Ozsc

sR
s
, P c and P c are.

The position vector of the circle center O s .
c

Y and Z components of the position vector O s .
c

sL
The radius of the circle on which the three points P c

r

sc

sR
s
, P c and P c are.

Fnc

c
The normal contact force in the ê 3 direction.

A and B

Parameters which can be obtained depending on the
local curvatures of the two contact bodies.

 xl

Local curvature of the “l” (i.e., wheel or rail) body
about the X l (i.e., X w or X r ) axis.

 yl

Local curvature of the “l” (i.e., wheel or rail) body
about the Y l (i.e., Y w or Y r ) axis.

Ch

A parameter relates to the local curvatures of the two
contact bodies.

 and E

The circular
respectively.

rx and ry

Radius of the contact ellipse in the longitudinal and
lateral direction, respectively.

m, n and  h

Parameters used to determine the radius of the contact
ellipse in the Hertz theory.
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constant

and

complex

modulus,

l

v O and ω O

l

The translational and angular velocity of the reference
origin O l , respectively.
The relative position vector of the contact patch center

r sc l

sc to the reference origin O l .

The wheel/rail translational velocity (i.e., v Wc or v R c )
v sc

at its contact center.

v Wc

The wheel translational velocity at the wheel contact
patch center.

v Rc

The rail translational velocity at the rail contact patch
center.
Components of the wheel translational velocity v Wc

v1Wc , v2Wc , v3Wc

along the X, Y and Z axis, respectively.
Components of the rail translational velocity v R c along

v1R c , v2R c , v3R c
vO

w

d1W
d2W and d3W
ω

Ow

the X, Y and Z axis, respectively.
The translational velocity of the wheel reference origin
O w , respectively.

Longitudinal velocity relative to its running speed V.
Y and Z component of the velocity with respect to
wheel node “W”.
The angular velocity of the wheel reference origin O w
.

d 4W and d6W

The rotating velocities about the X and Z axis of the
wheel node “W”.



The rolling speed of the wheel about its Y w axis of
the WCS.
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w
The second row of the transformation matrix A for

A21w , A22w and A23w

the basis vectors from global to the wheel coordinate
system.
The relative position of a candidate contact patch
W
center P c with respect to the wheel reference origin

r Wc w
vO

Ow .

r

The translational velocity of the reference origin O r .
velocity components of the rail beam node bi . The

d xbi , d ybi , d zbi , dbxi , dbyi , dbzi

first three components are translating velocities along
the X, Y and Z axis, while the last three ones are rotating
velocities about the X, Y and Z axis, respectively.

d xbi+1 , d ybi+1 , d zbi+1 , dbxi+1 , dbyi+1 , dbzi+1 velocity components of the rail beam node bi +1 .

ωO

r

The angular velocity of the rail reference origin O r .
The relative position of a candidate contact patch
R
center P c with respect to the rail reference origin

r Rcr

Or .

v

The translational velocity difference between the wheel
and rail surface at the contact patch center.

c

Components of the translational velocity difference
v1c and v2c

ω

c

v c along the X c and Y c axis, respectively. It is

expressed under the CCS.
The angular velocity difference between the wheel and
rail surface at the contact patch center.
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V

1c ,  2c or  xc ,  yc

The rolling velocity defined in Kalker’s theory. It’s
magnitude of the mean value of the wheel and rail
translational velocities under the CCS.
Translational creepage components along the X c and
Y c axis.
The third component of the angular velocity difference

cz

cz

ω c about the Z c axis.

The spin creepage about the Z c axis.

F( tc) x , F( tc) y

Components of the tangential force along the X c and
Y c axis under the CCS, respectively.

F(tr ) , (trC ) , F( S )

Resultant tangential force, modified translational
creepage and lateral tangential force caused by pure
spin, respectively.

M tz

The wheel-rail contact moment (about the Z c axis) at
the contact surface.

FW

The force acting at the wheel reference origin.

N

The total number of the candidate segments.
The contact force vector acting on the c I th candidate

F cI

segment. It’s expressed under GCS.
A variable used to denote the index of the candidate
segment. When the multi-contact patch scenario is
considered, the superscript and subscript "c" in
Eqs.(5)~(9), (28)~(33), (35), (38) and (41)~(47) are
replaced by " cI " to denote that the terms relate to the

cI

CI

FR

c I th candidate segment.

A variable introduced to consider whether the wheel
and rail are in real contact, and it gets 1.0 in real
contact, otherwise zero-value.
The force acting at the rail reference origin.
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The relative position of a candidate contact patch
R
center P c with respect to the rail reference origin

r

R cI r

Or .
The relative position of a candidate contact patch
W
center P c with respect to the wheel reference origin

r

Wc I w

MW , MR

F

WRI

Ow .
Moments acting at the wheel and rail reference origins,
respectively.
Sub-vector of the active portion’s element resisting
force R̂ associated with the DOF of the rail nodes.

u, v, w

Axial, lateral and vertical displacements at a specific
location x, respectively.

u

The displacement vector at a specific location x. Its
components are u, v and w.

u , v ,  w

Virtual displacements with respect to u, v and w,
respectively.

u

Virtual displacement vector displacement vector at a
specific location x.

Fx , M y , M z

Axial resultant internal force, resultant internal
moment about the local y axis and resultant internal
moment about the local z axis of the beam crosssection.

qx , q y , qz

External forces per unit length exerted on the beam in
the axial, lateral and vertical direction.



The density of the beam (representing rail) per unit
length.

L

the length domain of the rail beam.

u, v, w

Axial, lateral and vertical accelerations at a specific
location x, respectively.
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u

The acceleration vector at a specific location x.
The partial derivative of the axial resultant internal

Fx , x

force Fx with respect to x.
The second order partial derivative of resultant internal

M y , xx

moment M y with respect to x.
The second order partial derivative of resultant internal

M z , xx

moment M z with respect to x.

m

Generalized diagonal mass matrix with size of 3  3 .
Generalized strain vector of beam cross-section whose

ε̂

components are u, x , v, xx and w, xx .
Generalized stress vector of a beam cross-section

σ̂
 Fx ,  Fy and  Fz

 M y and  M z
WRI
WRI
 WRI
Fx ,  Fy and  Fz

WRI
 WRI
M y and  M z

Fx , Fy , Fz , M y , M z
e

whose components are u, x , v, xx and w, xx .
Boundary conditions in terms of axial, lateral and
vertical external forces, respectively.
Boundary conditions in terms of external moments
about the y and z axis of the beam local coordinate
system, respectively.
Boundary conditions in terms of axial, lateral and
vertical wheel-rail interactional forces, respectively.
Boundary conditions in terms of wheel-rail
interactional moments about the y and z axis of the
beam local coordinate system, respectively.
Prescribed forces at the boundaries of the beam. They
can be external forces if they are prescribed at the
boundaries in terms of external forces and moments.
They also can be wheel-rail interactional forces if they
are prescribed at the boundaries in terms of wheel-rail
interactional forces and moments.
A variable used to specify an element.
77 / 79

Interpolation/shape functions within the element “e”
corresponding to axil, lateral and vertical directions,
respectively.

N ue , N ev and New

Shape function matrix of the element “e” consisted of

Ne

e
e
e
three rows N u , N v and Nw .

de

Displacement vector of the beam element “e”.
Displacement components of the first node of a beam
element.

d x( ) , d y( ) , d z( ) ,  x( ) ,  y( ) ,  z( )
1

1

1

1

1

1

d x( ) , d y( ) , d z( ) ,  x( ) ,  y( ) ,  z(
2

2

2

2

2

2)

Displacement components of the second node of a
beam element.

d

Displacement vector of all the beam nodes.

d

Acceleration vector of all the beam nodes.

d

Virtual displacement vector of all the beam nodes.

F
F

int

WRI

Internal/resisting force caused by the deformation of
the beam elements.
Internal force contributed by the wheel-rail interaction
on the rail without torsion effect considered.

F ext

External force vector on the length domain of the rail.

M

Mass matrix of all the beam elements on the rail length
domain.



Assembly operator used in the finite element method.

ne

Total number of the rail beam elements.

F

ext

F

int

Dynamic external force vector of the rail beam
elements.
Dynamic internal force vector of the rail beam
elements.
Internal force contributed by the wheel-rail interaction
on the rail with torsion effect considered. It contains
WRI element internal force entries that relate to rail

F WRI

nodes bi and bi +1 .
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a

A number specifying the rail element at which the
wheel locates.

Nax

Linear interpolating functions corresponding to
rotation about the axial direction of the beam element.

ˆ
 R
 ˆ
 d 

The tangent matrix of the WRI element with respect to
the active portion.

ˆ
 R
 ˆ
 d 

The secant matrix of the WRI element with respect to
the active portion.

dˆ J

A finite small perturbation to the J th entry of the d̂
.
A perturbated displacement vector from the d̂ . Its
J th entry is perturbated by a finite small perturbation

dˆ J .

dˆ 

Sub-vector of the WRI element internal force vector
with respect to the active portion. It’s obtained
depending on the perturbated displacement vector dˆ  .

ˆ
R

Components of the active portion’s internal force
vector R̂ which is obtained depending on the

Rˆ I

( I = 1, 2,...,18 )

displacement vector d̂ .
Components of the active portion’s internal force
vector Rˆ  which is obtained depending on the

Rˆ I ( I = 1, 2,...,18 )

perturbated displacement vector dˆ  .

C11 , C 22 , C23 and C33

Factors in Kalker’s theory used to compute the
tangential forces

g

Gravitational acceleration
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